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Introduction

1

The Monte Carlo method is a direct simulation of a population of neutral particles,
using a sequence of random numbers to simulate the physical random events of each
particle history and recording some aspects of their average behavior.
The life of a single neutral particle is simulated from its initial emission (from
fission or fixed source) until it death by capture or escape outside the system
boundaries.
The frequency and outcome of the various interactions occurring during the
particle history are sampled and simulated according to cross sections and
collision laws.
The Monte Carlo method is exact, as far as the geometry and the interactions are
correctly simulated and as far as the number of particles histories is sufficient (many
millions particles are required).
When the process is repeated for a large number of particles, the result is a
detailed simulation of the transport process.
The quantities computed by the Monte Carlo method are accompanied by
standard-deviation values giving an indication of their statistical accuracy.
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This approach is said to be stochastic because its practical implementation relies on a
random number generator, a function returning a random number in the interval
0 ≤ x < 1.
This week is devoted to a description of a Monte Carlo method with multigroup
representation of the cross sections.
The Monte Carlo method is mostly used to study difficult or non-standard situations
and to validate the deterministic results, principally in the lattice calculation step. The
design and operation related calculations are generally deterministic.
Many implementations of the continuous-energy Monte Carlo method are widely
available
MCNP, TRIPOLI-4 and SERPENT codes are used as powerful validation tools in
reactor physics.
The Monte Carlo codes have a domain of application going far beyond reactor
physics; it is used for criticality and safety applications, in nuclear fusion studies,
in medical applications and in every branch of engineering where the statistical
transport of particles is important.
Specialized versions exist for studying charged particles.
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Mathematical background
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Consider a random variable ξ defined over support D. A function f (ξ) of ξ is also a random
variable. The expected value of f (ξ) is defined in term of the probability density p(ξ) as
(1)

E[f (ξ)] =

Z

dξ p(ξ) f (ξ)

D

where p(ξ) dξ is the probability for the random variable ξ to have a value comprised between
ξ and ξ + dξ. The variance of f (ξ) is given by
Var[f (ξ)] =
(2)

Z

D

n

dξ p(ξ) f (ξ) − E[f (ξ)]

= E[f (ξ)2 ] − E[f (ξ)]2 .

o2

The standard deviation of f (ξ) is the square root of the variance, so that
(3)
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p
σ[f (ξ)] = Var[f (ξ)] .
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The probability for the random variable to have a value smaller than x is given by the
cumulative distribution function, or CDF, which is written
P (x) ≡ P (ξ < x) =

(4)

Z

x

dξ p(ξ)

−∞

so that
p(ξ) =

(5)

dP (ξ)
.
dξ

Equations (1) and (2) can therefore be written in a more concise form as
(6)

E[f (ξ)] =

Z

D
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dP (ξ) f (ξ) and Var[f (ξ)] =

Z

D

n

dP (ξ) f (ξ) − E[f (ξ)]

o2

.
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Random numbers
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The selection of of random values of f (ξ) from probability density p(ξ) is a process called
random sampling. This is carried out using uniformly distributed random numbers.
Random numbers are real values between 0 and 1, representing samples drawn
independently from a uniform probability density phom (r):
phom (r) =

(7)



1, if 0 ≤ r ≤ 1;
0 , otherwise.

The Matlab script randf is an homemade algorithm for generating random numbers:
rand is a random number r
iseed is an arbitrary integer initially imposed by the user or computed by the previous
call to randf.
function [iseed,rand]=randf(iseed)
% Random number generation
% function [iseed,rand]=randf(iseed)
% (c) 2008 Alain Hebert, Ecole Polytechnique de Montreal
...
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The most straightforward of the sampling procedures is the inversion algorithm, in which the
sampling of variable ξ from probability density p(ξ) is carried out using the CDF P (ξ). At
first, a uniformly distributed random number r is selected on the unit interval. The value of
this random number is then set equal to the CDF of the event, so that the corresponding
value of ξ can be calculated from the inverse CDF as
(8)

P (ξ) = r

⇒

ξ = P −1 (r) .

Values of the random variable ξ sampled in this way are distributed according to its
probability density. The expected value of f (ξ) is therefore written

(9)

N
1 X
E[f (ξ)] = lim EN [f (ξ)] with EN [f (ξ)] =
f [P −1 (rn )]
N →∞
N n=1

where N is the sample size. A practical Monte Carlo calculation involves computing E[f (ξ)]
with a finite number of samples, a number typically chosen between a few thousands and a
few millions.

ENE6103: Week 11

The multigroup Monte Carlo method – part 1 – 8/23

The inversion algorithm
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Another related quantity of interest is the estimated standard deviation. This value is
obtained as
v
u
ﬀ2
N 
u1 X
(10) σ[f (ξ)] = lim σN [f (ξ)] with σN [f (ξ)] = t
f [P −1 (rn )] − E[f (ξ)]
N →∞
N n=1
where E[f (ξ)] is the true expected value of f (ξ).
Let us define a random variable ζn ≡ f [P −1 (rn )], a mean ζ̄ ≡ E[f (ξ)] and a variance
σ 2 ≡ σ 2 [f (ξ)].
The central limit theorem states that given a distribution with a mean ζ̄ and variance
σ 2 , the sampling distribution of the mean approaches a normal distribution with a
mean ζ̄ and a variance of the mean equal to σ 2 /N as the sample size N increases.
No matter what the shape of the original probability density, the sampling distribution of
the mean approaches a normal distribution.
Furthermore, for most probability densities, a normal distribution is approached very
quickly as N increases.
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Theorem 1 Let ζ1 , ζ2 , ... be a sequence of independent random variables distributed
according to the same probability density. Then the average
N
1 X
EN (ζ) =
ζi
N i=1

(11)

is itself a random variable of a normal probability density with mean ζ̄ ≡ E(ζ) and standard
√
deviation σ/ N , so that φ(ζ) dζ is the probability for EN (ζ) to have a value comprised
between ζ̄ and ζ̄ + dζ, where
√

N − N [ζ−2ζ̄]
2σ
φ(ζ) = √
e
σ 2π

(12)

2

.


The normal probability density (12) can be integrated with the help of the error function. The
corresponding CDF is written

(13)

Φ(ζ) =

Z

ζ

−∞
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dζ ′ φ(ζ ′ ) =

"

1
1 + erf
2

√

N (ζ − ζ̄)
√
2σ

!#

.
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√
The probability for EN (ζ) to have a value located in interval ζ̄ ± aσ/ N is therefore given by
«
„
n
√ o
a
.
P EN (ζ) = ζ̄ ± aσ/ N = erf √
2

(14)

The standard deviation is always positive and has the same units as the expected
value.
It can be shown that there is
a 68% likelihood that an individual sample will fall within one standard deviation
√
(±σ/ N ) of the true value
a 95.4% likelihood that an individual sample will fall within two standard deviations
√
(±2σ/ N ) of the true value, and
√
a 99.7% likelihood that it will fall within (±3σ/ N ) of the true value.
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Central limit theorem
The central limit theorem can be illustrated
by a simple numerical experiment.

3
σ(x) =

s
Z

0

Let us consider the free-path probability
density in a homogeneous media of cross
section Σ. This distribution and the
corresponding CDF are written
ps (x) = Σ e−Σ x and

(15)

Ps (x) = 1 − e−Σ x
where x ≥ 0.

E(x) =

„

1
dx x −
Σ

«2

ps (x) =

1
.
Σ

The inversion algorithm of Eq. (9) with a
sample size N can be used to compute an
expected mean-free path distance. If the
experiment is repeated many times, the
mean-free path distances obtained are
randomly distributed according to a normal
distribution of mean E(x) and standard
√
deviation σ(x)/ N .
φ(x)
0.6

The expected value and standard deviation
corresponding to Eq. (15) can be obtained
analytically as
(16)

∞

Z

0

∞

1
and
dx x ps (x) =
Σ
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function normal
% Monte-Carlo calculation of the mean free path (inversion algorithm)
samples=zeros(1,100) ; lmax=13.0 ;
N=100 ; M=10000 ; sigt=0.15 ; iseed=2123 ; exact=1.0/sigt ;
for m=1:M
avg=0.0 ; std=0.0 ;
for n=1:N
[iseed rand]=randf(iseed) ; length=-log(rand)/sigt ;
avg=avg+length ; std=std+(length-exact)ˆ2 ;
end
avg=avg/N ; std=sqrt(std/N) ;
ibin=fix(1+100.0*avg/lmax) ;
if ibin < 100 && ibin > 0, samples(ibin)=samples(ibin)+1 ; end
end
samples=samples*100/(M*lmax) ;
stairs((1:100)*lmax/100,samples), hold on
pdf=zeros(1,100) ;
sigma=(1/sigt)/sqrt(N) ;
for ibin=1:100
ll=lmax*(ibin-1)/100 ;
pdf(ibin)=exp(-(ll-exact)ˆ2/(2*sigmaˆ2))/(sqrt(2*pi)*sigma) ;
end
plot((1:100)*lmax/100,pdf)
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Theorem 2

1

In practical situations, only a sample mean of the expected value EN [f (ξ)] is available, so
that Eq. (10) cannot be evaluated in a consistent way. The following theorem helps to obtain
a usable formula.
Theorem 2
Let ζ1 , ζ2 , . . ., ζN be a sequence of independent random variables distributed according to
the same probability density. Let EN (ζ) the sample mean, i. e., the expected value of ζ
obtained with N random variables. A good approximation of the estimated variance is

(17)

2
=
σN

1
N −1

N
X

n=1

[ζn − EN (ζ)]2 =

1
N −1

"

N
X

n=1

2
ζn

!

2
(ζ)
− N EN

#

.

Using the result of the theorem, Eq. (10) can be rewritten as
v
u
u
σN [f (ξ)] = t
(18)
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v
u
u
= t

ﬀ2
N 
X
1
f [P −1 (rn )] − EN [f (ξ)]
N − 1 n=1
1
N −1

(

N
X

n=1

2 [f (ξ)]
f 2 [P −1 (rn )] − N EN

)

.
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The first flowchart illustrates the inversion algorithms:
Begin

S=0
n = 1, N

ξn = P −1 (rn )
S = S + f (ξn )

E(f ) = S
N
End
It is not always possible to evaluate the inverse P −1 of the CDF, as required by the inversion
algorithm.
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The basic rejection algorithm involves the
definition of an arbitrary probability density
g(ξ) having a CDF G(ξ) easily invertible and
the definition of an appropriately chosen
scaling constant c ≥ 1, selected in such a
way that
(19)
p(ξ) ≤ c g(ξ)
for all values of the random variable ξ over
its support.
Each loop of the basic rejection algorithm
starts with the sampling of the probability
density g(ξ) to obtain a random variable ξi .
Another random variable ri+1 is then
sampled on the unit interval and the value of
ξi is accepted as a sample from p(ξ) if
(20)
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ri+1 ≤

p(ξi )
.
c g(ξi )
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Rejection techniques
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If Eq. (20) is not satisfied, ξi is discarded and the loop is recycled. It can be shown that the
distribution of the accepted random variables ξi follows the probability density p(ξ).
Any probability density g(ξ) satisfying Eq. (19) can be selected, but other properties are
nevertheless expected. This probability density must be chosen in such a way that G−1 (ri )
can be evaluated effectively. Moreover, the difference between c g(ξ) and p(ξ) must be as
small as possible or, more precisely, the efficiency ratio

(21)

R∞

−∞ dξ g(ξ)
E = R∞
−∞ dξ c g(ξ)

must be as close to unity as possible. If the efficiency ratio is low, computer resources are
wasted in the re-sampling loop to compute unnecessary inverses G−1 (ri ).
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function normal_reject
% Monte-Carlo calculation of the mean free path (rejection algorithm)
samples=zeros(1,100) ; lmax=13.0 ;
xsm=0.1 ; N=100 ; M=10000 ; sigt=0.15 ; iseed=2123 ; exact=1.0/sigt ;
for m=1:M
avg=0.0 ; std=0.0 ; count=0 ;
for n=1:N
[iseed rand]=randf(iseed) ; length=-log(rand)/xsm ;
pp=sigt*exp(-sigt*length) ; gg=xsm*exp(-xsm*length) ;
[iseed rand]=randf(iseed) ;
if rand <= pp/(c*gg)
count=count+1 ;
avg=avg+length ; std=std+(length-exact)ˆ2 ;
end
end
avg=avg/count ; std=sqrt(std/count) ;
ibin=fix(1+100.0*avg/lmax) ;
if ibin < 100 && ibin > 0, samples(ibin)=samples(ibin)+1 ; end
end
samples=samples*100/(M*lmax) ;
stairs((1:100)*lmax/100,samples), hold on
pdf=zeros(1,100) ;
sigma=(1/sigt)/sqrt(count) ;
for ibin=1:100
ll=lmax*(ibin-1)/100 ;
pdf(ibin)=exp(-(ll-exact)ˆ2/(2*sigmaˆ2))/(sqrt(2*pi)*sigma) ;
end
plot((1:100)*lmax/100,pdf)
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Another useful rejection technique is the Woodcock or delta-tracking algorithm. This
technique is useful for sampling the free-path probability density in heterogeneous
geometries.
Consider a neutral particle passing through three material layers. The boundary surfaces are
located at x1 and x2 and all three materials are associated with macroscopic total cross
sections Σ1 , Σ2 and Σ3 , respectively. The free-path probability density for this case is written
8
−Σ x
if x ≤ x1 ;
< Σ1 e 1 ,
ps (x) = Σ2 e−Σ1 x1 e−Σ2 (x−x1 ) ,
if x1 < x ≤ x2 ;
:
Σ3 e−Σ1 x1 e−Σ2 (x2 −x1 ) e−Σ3 (x−x2 ) , if x > x2 .

(22)

Equation (22) illustrates the main difficulty in using the Monte Carlo method for
simulating the transport of neutral particles.
Its application in 2D and 3D cases requires the calculation of the distance from the
particle location to the nearest material boundary along the direction Ω of the moving
particle. This operation must be repeated recursively up to collision point.
The application of the inversion algorithm on Eq. (22) also requires a recursive
inversion approach as the neutron moves from one material to the next.
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The idea is to add a virtual collision cross
section to each material of the domain in
such a way that the modified total cross
section Σmax is uniform over the domain.
A free-path probability density taking into
account virtual collisions is written
(23)

ps (x) = Σmax e−Σmax x , x ≥ 0 .

The CDF is inverted as
(24)

Ps−1 (r) = −

ln(r)
Σmax

where r is a random number, so that the free
path distance between two virtual or actual
collisions is
(25)
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∆Li = Ps−1 (r) = −

ln(r)
.
Σmax
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The Woodcock rejection technique
function normal_woodcock
% Monte-Carlo calculation of the mean free path (Woodcock algorithm)
samples=zeros(1,100) ; lmax=13.0 ;
xsm=0.3 ; N=100 ; M=10000 ; sigt=0.15 ; iseed=2123 ; exact=1.0/sigt ;
for m=1:M
avg=0.0 ; std=0.0 ; count=0 ;
for n=1:N
length=0 ; virtual=true ;
while virtual
[iseed rand]=randf(iseed) ; length=length-log(rand)/xsm ;
[iseed rand]=randf(iseed) ; virtual=rand <= ((xsm-sigt)/xsm) ;
if ˜virtual
count=count+1 ;
avg=avg+length ; std=std+(length-exact)ˆ2 ;
continue
end
end
end
avg=avg/count ; std=sqrt(std/count) ;
ibin=fix(1+100.0*avg/lmax) ;
if ibin < 100 && ibin > 0, samples(ibin)=samples(ibin)+1 ; end
end
samples=samples*100/(M*lmax) ;
stairs((1:100)*lmax/100,samples), hold on
pdf=zeros(1,100) ;
sigma=(1/sigt)/sqrt(count) ;
for ibin=1:100
ll=lmax*(ibin-1)/100 ;
pdf(ibin)=exp(-(ll-exact)ˆ2/(2*sigmaˆ2))/(sqrt(2*pi)*sigma) ;
end
plot((1:100)*lmax/100,pdf)
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The Woodcock rejection technique
The only things that the Woodcock method changes are that
1. the free path length is sampled using the modified (not physical) total cross section
2. the virtual collision is added in the list of reaction modes. Equations (23) to (25) take
up a similar form in both cases.
The tracking procedure is the random sampling of free path distances Li distributed
according to probability density (22).
The procedure begins by sampling the free-path distance from Eq. (24) so that the
particle reaches a tentative collision site where the type of collision, either real or
virtual, is sampled.
Collision sampling only requires the knowledge of the material index at the collision
site. Knowledge of the location of material boundary is not required.
In our simple three-region example, the material index at location x is given by function

(26)
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8
< 1,
R(x) = 2,
:
3,

if x ≤ x1 ;
if x1 < x ≤ x2 ;
if x > x2 .
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The Woodcock rejection technique

5

It does not matter if the particle crosses one or several material boundaries, as long as the
material index at the collision site is available. The probability of sampling a virtual collision is
simply the ratio of the virtual collision cross section to the modified total cross section, so that
P =

(27)

ps(x)

Σmax − Σk
.
Σmax
considering the fact that a virtual collision
does not affect the state of the particle. The
real free-path distance sample is simply the
sum of all free-path distance samples
obtained until the collision is real.
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The procedure is repeated until a real
collision is sampled with probability 1 − P ,
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This approach can be applied to the simple
three-region problem of Eq. (22), using
x1 = 3 cm, x2 = 5 cm and
Σ = col{0.2 , 0.7 , 0.3} cm−1 . The
histogram curve in figure shows the
distribution of 100000 particles sampled
using the Woodcock rejection algorithm.
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