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ENE6101: Week 3

Basic approximations

Relativistic effect can be neglected. The kinetic energy of a neutron is generally
smaller than 10 MeV in a nuclear reactor. This value is << Eg = mc? = 939.55 MeV).

. The neutron-neutron interactions can be neglected. This approximation is justified by

the small number density of neutrons, compared to the number density of nuclei.

. The neutron trajectories between collision are straight lines.

. The materials are isotropic in space. Consequently, the effects of a neutron-nucleus

collision are not function of the initial direction of the neutron.

. The lifetime of a neutron in a nuclear reactor is smaller than the radioactive half-life of

the neutron (~10.25 m) by many orders of magnitude. Radioactive decay of neutrons
is therefore neglected.

. The nuclei are always in thermal equilibrium with the material and their velocity

distribution is given by the Maxwell-Boltzmann law at absolute temperature T'.
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' Maxwell-Boltzmann law 1

MONTREAL

The Maxwell-Boltzmann law is a probability density written as

3
mA \ 2 mAV 2
Vi) = — A
P(Va) (27rkT> eXp( 2kT>

where

Va = module of V5, the velocity of the nucleus in the LAB

k = Boltzmann constant (= 8.617065 x 10~° eV/° K = 1.38054 x 10723J/K)
T = absolute temperature of the mixture (K)

m = neutron mass (= 1.6749544 x 10~27kg)

A = atomic mass ratio (nucleus mass in units of the neutron mass)

p(Va) d3Va = probability for a nucleus to have a velocity V5 (within a d3V interval) in the
LAB.

This probability density is normalized as

/ d3VA p(Va)=1 .
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Common approximations 1

These new approximations are less fundamental than the preceding ones and may be
defeated in some practical cases.

7.

ENE6101: Week 3

In a neutron-nucleus collision, both momentum and kinetic energy of the system are
conserved. Such a reaction is said to be elastic. Note that this approximation may be
defeated in some nuclear reactions, such as inelastic scattering, where gamma energy
is produced.

The neutron-nucleus collision is isotropic in the center of mass frame of reference
(CM) of the colliding pair. This approximation means that all the emission angles of the
secondary particles are equiprobable in the CM frame of reference. This approximation
is known to be defeated for energies of the incident neutron greater than 1 MeV.

The nuclei are free between impacts. This approximation consists to assume that the
nuclides are free from any atomic or molecular binding forces. However, for energies of
the incident neutron smaller than 4 eV, molecular or metallic binding forces do have an
effect if the nuclide is used as a moderator (e.g., H2O, D2 O, Graphite, etc.).

Dynamics of a scattering reaction — 5/21



©,
ECOLE

MONTREAL

ENE6101:

Neutron-nucleus collision in the LAB

The collision law will be obtained in term of the following quantities:

Vi, Vi/ = initial and final velocity of the neutron in the LAB. We will also define the
modulus of these vectors as V;, = |Vy| and V! = |V3,/].

E, E’ = initial and final kinetic energy of the neutron in the LAB. They are computed as
E = smV2and E' = mV,}2.

Va, VA’ = initial and final velocity of the nucleus in the LAB.

1,0 = deviation angles in the LAB for the nucleus and the neutron, as shown in figure.
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ENE6101: Week 3

The collision law

The collision law is a probability density written P.(E’ <+ E, 1) where p = cos 6.

The quantity P.(E’ < E, u) dE’ du is the probability for a neutron of initial energy £
and undergoing an isotropic collision in the CM to have a final energy equal to E’

(within a dE’ interval) and a deviation cosine equal to u (within a du interval) in the
LAB.

This collision law is a distribution with respect of variables E’ and p but a function with
respect to F.

It may also be a function of other quantities such as the absolute temperature on the
underlying material.

lts supportis0 < E/ < ocand —1 < u < 1.
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Neutron-nucleus collision in the CM 1
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It is easier to obtain the collision law by studying the same collision in the CM. The position
rcm Of the center of mass in the LAB is defined by

(A+1)rem =7a+ Ara

where r, and r 5 are the position of the neutron and of the nucleus, respectively. The
velocity of the center of mass in the LAB is

(A+ D) Ve =V + AV = V. + AV

where the RHS part of this equation is an application of the conservation of linear
momentum. The velocity Vo of the center of mass is constant in the LAB, before and after
the collision.
If the nucleus is initially at rest, VA = 0 and

1

VoM = —Vq
CM A+1
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' Neutron-nucleus collision in the CM 2
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The new dynamics relations will be obtained in term of the following quantities:

vn, vy’ = initial and final velocity of the neutron in the CM. We will also define the modulus
of these vectors as v, = |vn| and v}, = |vy’|.

en, en’ = initial and final kinetic energy of the neutron in the CM. They are computed as

en = %mv% and e, = %mvﬁ.

va,va’ = initial and final velocity of the nucleus in the CM.

ea,ea’ = initial and final kinetic energy of the nucleus in the CM. They are computed as
epn = %mAv?4 and ep’ = %mAvg.
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' Neutron-nucleus collision in the CM 3
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The velocities in the CM are
'Un:Vn_VCMa vA:VA_VCM

vn =Vi' — Ve and va' =Va' — Vou .
Combining these Egs., we can show that

- + A: VR and ’UAI—VR
A41 A+1 A41

VUn = Vn
where VR is the initial relative velocity between the neutron and the nucleus. It is defined as
VR =Vhn—Vjx .

We observe that v, and v are colinear vectors of opposite direction in the CM.
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Neutron-nucleus collision in the CM 4
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During the collision, the two particles will stay at rest in the CM. If a compound nucleus is
formed, it will stay at rest in the CM, so that all the kinetic energy of the particles will be
available as excitation energy. This quantity is the available kinetic energy for excitation eexc

defined as
1 A
€exc — €n + €A = — ik V2

2441 R

We will see later that ecxc iS only one component of the excitation energy for the compound
nucleus. Morever, eqxc is not the sum of E, and Ea, as the compound nucleus is moving in
the LAB. The kinetic energy of the compound nucleus in the LAB is not available as
excitation energy.

Assuming conservation of linear momentum in the CM, we write

A 1
n A — n/ A /:—V _A—V :O
Vn + Avp VUn + AvA A—I—lR A—I—lR
so that
vp = —Ava and v, = —Awvp’ .

ENE6101: Week 3 Dynamics of a scattering reaction — 11/21



" | Neutron-nucleus collision in the CM
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Assuming conservation of energy in the CM, we write

/ /
én + A = €, + €5 = €exc

so that
- “mA S
muv, + —MAvU, > A+l R
We finally find
v/ A d L
=y = —— an VA —= VA = ——
n Ar1 ° ATIAT 4R

The last two Eqgs. are scalar relations demonstrating the conservation of the CM velocity
modules for each particle during the collision.
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Azimuthal reduction 1

We have now reached the point where the collision law can be obtained. Assuming the
isotropic emission of the secondary neutron in the CM, a first probability density can be

written as

(1) Pe( +— Q) = 1
47

where the solid angles are defined in term of the deviation angle ¢ and on the azimuth ¢ in
the CM. The two angles are defined in the figure

-
"
—’

Assuming that 2 = %, we see that ' = cos p 7 + sin ¢ cosej + sin ¢ sin € k. The support of
Pois0< o <mand0 < e < 2w Po(Q <+ Q)d?Q is the probability for a neutron of initial
direction €2 and undergoing an isotropic collision in the CM to have a final direction equal to
Q' (within a 2’ interval) in the CM.
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" | Azimuthal reduction 2
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A distribution reduction is performed to get the probability density in term of the deviation
cosine cos p = - ' in the CM. We obtain

27

(2) Pe(cos p) = / de Pe (2 + Q) = %
0

over the support —1 < cos p < 1. Pe(cos ) d(cos ) is the probability for a neutron
undergoing an isotropic collision in the CM to have a deviation cosine equal to cos ¢ (within a
d(cos ) interval) in the CM. As expected, this probability density is normatized to one:

1
/_1 d(cos ) Pe(cosp) =1 .
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.~ Nucleus initially at rest

We first study the collision of a neutron on a nucleus initially at rest. In this case, the
preceding equations still applied, with Vo = 0 in the LAB. Expressions of V- and v/, are
now written

(3) Vem =

1 A
A+1

[
=

/
Vo and v, = vn

We can also apply the cosines law. We obtain
(4) VI{Q = V(%M + v]’HQ + 2V vl cos @

where Vv and ol are independent of . Taking the derivative of Eq. (4) and substituting
Egs. (3) leads to

2A 9
5 Vi d(cos ) .

5 2V dV! = 2V, ' d = —
( ) n n CM Ul’l (COS 90) (A _|_ 1)
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.~ Nucleus initially at rest 2
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The last equation can be written in term of initial and final energies of the neutron in the LAB.

We obtain
(6) 2dE" = ﬁ Ed(cosp) = (1 —a) Ed(cosp)
where
(351)
(7) a=|—=
A+1

We perform a change of variable toward E’ = f(cos ¢), so that

1 o) 2
COS —
dE Y T Q) E

(8) >0; with —1<cosp<1

and Eq. (2) becomes

d
dE’

1
(1—a)FE

(9) Pe(E' <= E) = [Pe(cos ¢)] { (cos cp):| =

with E' . < E' < E!

max-*
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- Nucleus initially at rest 3
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The support of E’ can also be found using the vector diagram. If cos ¢ = —1, then
A—1
Va=v, —Voum = A——I—l n sothat El. =aF .

At the other limit, cos ¢ = 1, and

V:=v,4+Vom=Vn sothat E/ .. =F .
Pe(E'E) )
V(-0)E | =-=-—-
-
ok E E'

The probability density is uniform in the support o £ < E’ < E. The collision of a neutron on
a nucleus initially at rest has the effect to slow down this neutron. The slowing-down effect is
more important for light nuclides, as they are characterized by small values of «.

ENE6101: Week 3
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Nucleus initially at rest 4

We will now compute the complete collision law P.(E’ < E, ). In the case where the
nucleus is initially at rest, the variables E’ and u. are dependent one of the other and are
related by a function of type u = f(E’). All the neutrons with a given final energy E’ have
the same deviation angle ¢ in the CM and the same deviation cosine p in the LAB, for any
given value of E. The probability density describing a known event is the Dirac delta density
d(x), so that

(10) Po(E' < E,p) = Po(E' < E)6 [n— f(E")]

The vector diagram and the cosines law will be used again as the starting point to compute
f(E"). We write

(11) 02 =V 4 Vem? — 2V Veum i

which becomes

12 A >2V2—V’2+< L >2V2 2 vy
12 At1) ™~ n A+1) ™ Ay »mE

and which can be written in term of initial and final energy of the neutron in the LAB as

(13) —(A-1)E+(A+1)E' =2VEE" i .
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Nucleus initially at rest S

The deviation cosine of the neutron in the LAB is obtained as a function of E’. We write

(14 p=fE) = Z(A+ = — S (A=) 5

Finally, we obtain the required collision law as

P(E' — B, ) = mélu— A+ E +LA- Eﬂ] , ifaE < E' <E;
0, otherwise.

(15)

This equation is often referred as the elastic slowing-down collision law. It can be used to

study the slowing-down of neutrons in the energy range above 1 eV. At lower energies, the

thermal agitation of nuclides can transmit kinetic energy to the neutrons, which can no longer

be considered initially at rest. The support of this distributionis 0 < £’/ < oo and

—1 < 1 <1 and its normalization condition is

oo 1
(16) / dE’/ du Po(E' <+ E,u) =1 .
0 —1
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Change of variable 1

A neutron is loosing a fraction of its initial kinetic energy in each elastic scattering reaction.
We define the lethargy of the neutron as

Eq

u = Iln —
E

where Ey is a reference energy taken above the maximum energy of all neutrons in the
reactor. The lethargy is generally defined in the LAB. A neutron emitted at energy Eg has a
zero lethargy. lts lethargy will increase as the neutron slow-down in the reactor.

The collision law can also be written in term of lethargy. Pe(u’ < w, u)du’ dp is the
probability for a neutron of initial lethargy « and undergoing an isotropic collision in the CM to
have a final lethargy equal to v’ (within a du’ interval) and a deviation cosine equal to
(within a dy interval) in the LAB.
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A change of variable on Eq. (15) leads to.

pe<uf%u,u>:{f_&a[u—%<A+1>e—U/2+%<A—1>eU/2], fo<U<e
0, otherwise,

where U = v’ — u is the actual lethargy gain of the neutron and
€ =In—

«

is the maximum gain of lethargy.
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