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Solutions 2.1-2.2

Chapter 2

Probabilities

2.1

2.2

We first compute p(7T" = 1) by modifying (2.20)

p(T=1) = p(T=1C=0)p(C=0)+p(T=1C=1)p(C=1)
3999 90 1 3,087

100 < 1000 " 100 X 1,000 _ 100,000 _ 03087 (1)
Then we evaluate p(C' = 1|T" = 1) by modifying (2.22)
p(T' =1/C =1)p(C =1)
C=1T=1) = (2)
WC=1T=1) _
11
90 00,000 90 o0 )

100 1,000 3,087 3,087

Hence we see that the probability of having cancer, even after a positive test, remains
very small.

Note that each of the numbers 0, 1, 2, 3, 4, 5, and 6 appears on only one of the dice,
which means that when we roll one die against another, there can never be a draw.

Look first at the red die, and notice that it has four copies of the number 2 and two
copies of the number 6. Two-thirds of the time, when we roll the red die it will
give a 2, and one third of the time it will give a 6. Therefore, if we roll the red die
against the yellow die (which always gives a 3), the yellow die will, on average, win
two-thirds of the time, and will lose one-third of the time.

Now look at the blue die, and notice that it has four copies of the number 4, and two
copies of the number 0. When we roll it against the yellow die, it will therefore give
a 4 two thirds of the time, in which case it wins, and a 0 one-third of the time, in
which case it loses.

Next consider the green die versus the blue die. The green die has three copies of
the number 1 and three copies of the number 5. To work out the probability that
the green die will win we first note that there is a probability of 1/2 that the green
die will give a 5, in which case it is certain to win against the blue die. Likewise,
there is a probability of 1/2 that the green die will give a 1, in which case there is a
probability of 1/3 that it will win. The overall probability that the green die will win
is then given by multiplying the probabilities:

1 1 1 2

Finally, consider the probability of the red die winning against the green die. There
is a probability of 1/3 that the red die will produce a 6, in which case it is certain
that the red die will win. There is similarly a probability of 2/3 that the red die will
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produce a 2 in which case there is a 1/2 chance that the red die will win. The overall
probability of the red die winning is again obtained by multiplying the probabilities:

1 2 1 2

For more information on these dice, see:
microsoft.com/en-us/research/project/non-transitive-dice/

Using the sum and product rules of probability we can write the desired distribution
in the form

p(y) = / / p(ylu, v)pu(u)py(v) dudv. (6)

Since y is a deterministic function of u and v, its conditional distribution is given
by a Dirac delta function in the form

p(ylu,v) =6(y —u—v). (7)

Substituting (7) into (6) allows us to perform the integration over v to give

p(y) = / pu()py(y —u)du ®)

as required.

If we integrate the uniform distribution (2.33) over x we obtain

> LS| d—c
/ p(a:)dx:/ d—cdx:d—c:1 9)

—00

and hence this distribution is normalized. For the mean of the distribution we have

b 2 b 2 2
1 T b —a a+b
=] / b—a {Q(b—a)]a 2b—a) 2

The variance can be found by first evaluating

b 3 b 3 3 2 2
1 T b —a a“+ab+b
[x] /a v |: :| 3(b_a’) 3

and then using (2.46) to give

Var[x] :E[l’Q] —E[x]2 _ a +C;b+b _ (azb) _ (b IQCL) .
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Solutions 2.6-2.7

2.5 Integrating the exponential distribution (2.34) over 0 < = < co we obtain

/OOO p(z|\) dz = /OOO Aexp(—Az) dz
:/Ooo exp(—y) dy

= [—exp(—y)l5°
1 (10)

where we have used the change of variables y = Axz. Hence, the exponential dis-
tribution is normalized. Likewise, if we integrate the Laplace distribution (2.35) we
obtain

[e9) oo 1 _
/ (x|, N) dx:/ — exp (M) dz
—oo —o0 27 ¥
| — 1 —
:/ — exp (H) d:v—l—/ — exp (_x M) dx
oo 27 v w2y ol
1 1

|
[ |
|
@
»
ko]
—~
N
SN~—
[ —

=-+-=1 (11)

where we have made the substitution z = (z — )/~ in each of the two integrals.
Hence we see that the Laplace distribution is also normalized.

2.6 Integrating the empirical density (2.37) we obtain

/_O;p(xm)dx—]ifyi/_o;&x—xn)dx
- [Tawa

1 N
:NZ1:1 (12)
n=1

as required. Here we have substituted y = x — z,, into the nth integral in the
summation and then used the definition of the Dirac delta function. This result is
easily generalized to a multi-dimensional data variable x.

2.7 If we substitute the empirical distribution (2.37) into the definition of the expectation
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Solutions 2.8-2.10 7

with respect to a continuous density given by (2.39) we obtain

Bif - [ " p@)f(2) da

N oo
SESS / 5 — ) f(x) do
1 .
— [ s+ ),
1 n]:fl
— L3 f) (13
n=1

as required. Here we have used the change of variable y,, = x — x,, separately
in each of the integrals, along with the property of the Dirac delta function 6(y;,)
integrating to unity with the only non-zero contribution coming from y,, = 0.

Expanding the square we have

E[(f(x) - E[f(2)))*] E[f(z)” - 2f(2)E[f(2)] + E[f(2)]’]
E[f(x)*] — 2E[f (2)|E[f (2)] + E[f(2)]”

E[f(z)*] — E[f(2)]?

as required.
The definition of covariance is given by (2.47) as
covlz,y] = E[zy] — E[z]E[y].
Using (2.38) and the fact that p(z, y) = p(x)p(y) when z and y are independent, we

obtain
Elzy] = > Y pla,y)zy
= Y @z Y py)y

= E[z]E[y]

and hence cov[z, y] = 0. The case where x and y are continuous variables is analo-
gous, with (2.38) replaced by (2.39) and the sums replaced by integrals.

Since x and z are independent, their joint distribution factorizes p(z, z) = p(z)p(z),
and so

Elz+2 = / (x + 2)p(z)p(z) dz dz (14)

_ / op(a) du + / 2p(z) dz (15)
= E[s]+E[]. (16)
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Solution 2.11

2.11

Similarly for the variances, we first note that
(x4 2z —Elz+2))? = (z — E[z])* + (2 — E[2])* + 2(z — E[z])(z — E[z]) (17)

where the final term will integrate to zero with respect to the factorized distribution
p(z)p(z). Hence

varfz + z] = //(:L‘ + 2 —E[z + 2])*p(2)p(2) dz dz
~ [ Blal?p) do+ [ - BE)pE) 6l
= var(x) + var(z). (18)

For discrete variables the integrals are replaced by summations, and the same results
are again obtained.

Using the definition (2.39) of expectation we have

B, [E.lely]) = [ 5(0) [ plaly)zdedy

// (z,y)rdzdy

- / p(z)z dz = E [2] (19)

where we have used the product rule of probability p(x|y)p(y) = p(z,y). Now we
make use of the result (2.46) to write

E, [varg [z|y]] + var, [E;[z]y]] =
E, [Es[2%|y] — Ey [E.[2|y]?] + E, [Eo[z[y]?] — E, [E.[z[y]]*.  (20)

We now note that the second and third terms on the right-hand side of (20) cancel.
The first term on the right-hand side of (20) can be written as

Ey [E.[2%|y]] = /p(y)/p(xy)x2 da dy

// z,y)r? de dy
_ / p@)e®dz = E [22] . 1)

Likewise, we can again make use of the result (2.46) to write the fourth term on the
right-hand side of (20) in the form E [z]°. Hence we have

E, [var,[z|y]] + var, [E,[z|y]] = E [¢°] — E [2]* = var [z] (22)

as required.
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2.12 The transformation from Cartesian to polar coordinates is defined by
r = rcosf (23)
y = rsinf 24

and hence we have 22 + y? = r? where we have used the well-known trigonometric
result (3.127). Also the Jacobian of the change of variables is easily seen to be

Oox Ox
(z,y) B or 00
8(T7 9) ay By
or 00
_ cosf —rsinf ‘ _
sinf rcosf

where again we have used (3.127). Thus the double integral in (2.125) becomes

) 2 0o 7.2
I = /o /0 exp <_%r2> rdrdf (25)
& 1
= 27r/0 exp (_TZ) 3 du (26)
= lexp (5 (-209)] 27)
= 270’ (28)

where we have used the change of variables 72 = u. Thus
I = (271'02)1/2.

Finally, using the transformation y = x — u, the integral of the Gaussian distribution

becomes
/OO N (z|p,0%) dz = 1/0O exp fy—Q dy
—o0 7 (271'02)1/2 —o0 202

p— I j—
(2mo?) 1/2
as required.

2.13 From the definition (2.49) of the univariate Gaussian distribution, we have

o 1\ 12 1
Elz] = / (27r02> exp {M(x - u)2} zdz. (29)

Now change variables using y = x — i to give

o /1 \Y?2 1
]E[I]Z/ <2mg) exp{—wyz}(wu)dy. (30)
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Solutions 2.14-2.15

2.14

2.15

We now note that in the factor (y + p) the first term in y corresponds to an odd
integrand and so this integral must vanish (to show this explicitly, write the integral
as the sum of two integrals, one from —oo to 0 and the other from 0 to oo and then
show that these two integrals cancel). In the second term, p is a constant and pulls
outside the integral, leaving a normalized Gaussian distribution which integrates to
1, and so we obtain (2.52).

To derive (2.53) we first substitute the expression (2.49) for the normal distribution
into the normalization result (2.51) and re-arrange to obtain

/OO exp{%iz(x ,u)Q} dr = (27r02)1/2. 31)

— 00

We now differentiate both sides of (31) with respect to o and then re-arrange to

obtain
1 \? e 1 2 2 2
(27ra2> /_OOGXP{—M(JT—M) }(33—,“) dr=o (32)

which directly shows that

E[(z — u)?] = var[z] = 0% (33)
Now we expand the square on the left-hand side giving
E[2?] — 2uRE[z] + p? = o

Making use of (2.52) then gives (2.53) as required.
Finally, (2.54) follows directly from (2.52) and (2.53)

E[z*] — E[z]* = (u* + 0%) — p* = 0.
For the univariate case, we simply differentiate (2.49) with respect to x to obtain

xr —
0-2

d 2\ _ 2
-V (@l 0%) = =N (|, 0?)

Setting this to zero we obtain & = p.

We use / to denote In p(X|u, 0?) from (2.56). By standard rules of differentiation

we obtain
N

o
@ = o2 ('/I"n - :U‘>

n=1

Setting this equal to zero and moving the terms involving p to the other side of the

equation we get
N
! _ 1 N
o2 22T T 2 vH
n=1
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and by multiplying ing both sides by 02 /N we get (2.57).
Similarly we have

ot R )
907 ~ 3o 2 T T 5

and setting this to zero we obtain

N
N1 1 )
207 = gz 2l
n=1
Multiplying both sides by 2(c%)? /N and substituting pg, for i we get (2.58).

If m = n then z,x,, = z2 and using (2.53) we obtain E[z2] = u? + o, whereas if
n # m then the two data points x,, and x,,, are independent and hence E[z,,z,,] =
E[x,]E[x,,] = p? where we have used (2.52). Combining these two results we
obtain (2.128).

Next we have

Efin) = — 3 Efra] = s (34)

using (2.52).

Finally, consider E[oZ;;]. From (2.57) and (2.58), and making use of (2.128), we
have

1 & 1 & ’
Eirda) = |33 (% D
n=1 m=1

1 N 9 N 1 N N
_ 2
= NZE "En_Nx"me—i_QZmexl]

n=1 m=1 m=1 [=1
= pP+o’ -2 /f—l—iQ +u2+i02
N N
N -1

= (N> o’ (35)

as required.
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Solutions 2.18-2.20

217

2.18

2.19

2.20

From the definition (2.61), and making use of (2.52) and (2.53), we have

NZ: ]

IE

—2zpp+ N2]

Z\H
M

;
> (w4 0% = 2up+ p?)

n=1

=0 (36)

8 Z\H

as required.

Differentiating (2.66) with respect to o2 gives

B 1 , N1
9o PR W) =550 (e w) i} -5 55 6D
Setting the derivative to zero and rearranging then gives
| N
L= n; {y(wn, war) — ta}? (38)

as required.

If we assume that the function y = f(x) is strictly monotonic, which is necessary to
exclude the possibility for spikes of infinite density in p(y), we are guaranteed that
the inverse function z = f~!(y) exists. We can then use (2.71) to write

af-1

dy (39)

p(y) = alF~' ) '

Since the only restriction on f is that it is monotonic, it can distribute the probability
mass over z arbitrarily over y. This is illustrated in Figure 2.12 on page 44, as a part
of Solution ??. From (39) we see directly that

The Jacobian matrix for the transformation from (1, z2) to (y1, y2) is defined by

Oy1 Oys
6351 8I‘2

J= 40
Oya Oy “0)

Oy Omy
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For the specific transformation defined by (2.78) and (2.79) we have

gzi =1+ 5sech2(a:1) 41)
gg; ~0 “2)
gizl = 22 43)
gfg =1+ 5sech?(x,). (44)

From the discussion of the introduction of Section 2.5, we have
h(p®) = h(p) + h(p) = 2 h(p).
We then assume that for all £ < K, h(p*) = k h(p). For k = K + 1 we have
h(p™ ) = h(p™p) = h(p™) + h(p) = K h(p) + h(p) = (K +1) h(p).

Moreover,
n m/m
— h(p™/™) = — h(p)

h n/my _ h 1/my ﬁ h 1/my
(™) = nh(p’™) = —mh(p /™) = — -
and so, by continuity, we have that h(p®) = x h(p) for any real number z.

Now consider the positive real numbers p and ¢ and the real number = such that
p = ¢*. From the above discussion, we see that

hip) _ hg") _ xh(g) _ hqg)
In(p) In(¢®) «1In(q) In(g)

and hence h(p) o In(p).

We wish to maximize the entropy (2.86) subject to the constraint that the probabili-

ties sum to one, so that
> p(xi) = 1. (45)

We introduce a Lagrange multiplier A to enforce this constraint and hence we maxi-

mize
= p(zi) Inp(a) + A (Z p(z;) — 1) . (46)
Setting the derivative with respect to p(z;) to zero gives
—Inp(xz;)) =1+ A=0. 47
Solving for p(z;) we obtain

p(zi) =exp(=1+A). (48)
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Solutions 2.23-2.24

2.23

2.24

Since the right-hand side does not depend on 4, this shows that the probabilities are
all equal. From (45) it then follows that p(x;) = 1/M. Substituting this result into
(2.86) then shows that the value of the entropy at its maximum is equal to In M.

The entropy of an M -state discrete variable  can be written in the form

1
p(zi)

M M
H(x)=— Zp(xi) Inp(z;) = ZP(%) In . (49)

The function In(z) is concave~ and so we can apply Jensen’s inequality in the form
(2.102) but with the inequality reversed, so that

M 1
H(z) <In Z p(a;) o) = In M. (50)

Obtaining the required functional derivative can be done simply by inspection. How-
ever, if a more formal approach is required we can proceed as follows using the
techniques set out in Appendix B. Consider first the functional

Ip(a)) = [ p(o)f()do.
Under a small variation p(x) — p(x) + en(x) we have
Ipla) + en(@)] = [ p(o)f(@)do+ ¢ [ n(e) (o) ds

and hence from (B.3) we deduce that the functional derivative is given by

ol

Similarly, if we define
Tip(@)] = [ p(o)ap(o) ds

then under a small variation p(x) — p(x) + en(x) we have
Tp(@) +ena)] = [ pla)np(e)da

red @ mp@)de+ [ p@)—n@)aeb + o)
@

p

and hence 5
— =p(x) + 1.
5p() p(x)
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Using these two results we obtain the following result for the functional derivative
—Inp(z) — 14 A + Aox + As(z — ).

Re-arranging then gives (2.97).

To eliminate the Lagrange multipliers we substitute (2.97) into each of the three
constraints (2.93), (2.94) and (2.95) in turn. The solution is most easily obtained by
comparison with the standard form of the Gaussian, and noting that the results

1

Moo= 1—§ln(27r(72) (51)

Ao = 0 (52)
1

A= 5 (53)

do indeed satisfy the three constraints.

Note that there is a typographical error in the question, which should read “Use
calculus of variations to show that the stationary point of the functional shown just
before (1.108) is given by (1.108)”.

For the multivariate version of this derivation, see Exercise 3.8.

Substituting the right hand side of (2.98) in the argument of the logarithm on the
right hand side of (2.91), we obtain

Hlz] = —/p(:r)lnp(m)dx

= —/p(aj) (—;ln(27r02) - (562_05)2> dz
-1 (111(27702) + % / (@) (@ — p)? dx)

1
= 5 (In(270®) + 1),
where in the last step we used (2.95).
The Kullback-Leibler divergence takes the form

KL(pllq) = - / p() In () dx + / p(x) Inp(x) dx.

Substituting the Gaussian for ¢(x)we obtain

KL(pllq) = —/p(X) {—éln |3 — %(X — )T (x - ,u)} dx 4+ const.

% {|Z|+Tr (Z7'E [(x — p)(x — p)"]) } + const.

% [Z|+p"2 'y —2u"S'Ex] + Tr (Z7'E [xx"]) }
+const. (54)
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Solutions 2.27-2.28

2.27

2.28

Differentiating this w.r.t. p, using results from Appendix A, and setting the result to
zero, we see that

p=Ex]. (55)

Similarly, differentiating (54) w.r.t. ¥, again using results from Appendix A and
also making use of (55) and (2.48), we see that

Y =E[xx"] — pp" = cov[x]. (56)
From (2.100) we have

KL(pllq) = — / p(z) Ing(z) dz + / p(z) Inp(z) da. (57)

Using (2.49) and (2.51)— (2.53), we can rewrite the first integral on the r.h.s. of (57)
as

- / p(a) Ing(a) d = / Nl o) (m(m?) 4 W) do

S

_ 1 (111(27‘&'82) + 512/./\/(3:/1,02)(:52 — 2xm +m?) dx)

o + p? — 2um + m?
52 '

[\

1
= 3 (111(27732) +

(58)

The second integral on the r.h.s. of (57) we recognize from (2.91) as the negative
differential entropy of a Gaussian. Thus, from (57), (58) and (2.99), we have

o? + p? — 2um + m?

KL(p|lq) = 2 —-1- 1n(271'02)>

2 2., 2 _ 2
(111(8)—1—0 + pu? —2um+m _1>.

52

First, let us set « = 1 — €. Then
p(@)+? = pla) = = pla) {1 - Slp(@) + O ). (59)
Likewise, we have
a(x) = = q(a)? = 1+ S Ing(a) + O). (60)
We also have

I1—a?=1-1+42¢—¢€* =2+ O(?). (61)
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Substituting these expressions into the alpha divergence defined by (2.129) we obtain

Da(p|q):246< / " {1—71np }{1+§1nq(x)} d:v) +O(e)

@) d 1V 404 o 62)
p(x)

where we have used
/p(x) dz = 1. (63)

Taking the limit ¢ — 0 gives D;(p|lq) = KL(p||q) as required. We can similarly
consider o« = —1 + ¢, giving

p(a) 1+ = p(a)/? = 1+ S Inp(a) + O() (64)

together with
a(@) 72 = g(@)' " = g@) {1 - Smg@) + O}, (63)

We also have
Il—a?=1-1+2¢— ¢ =2+ O(e). (66)

Substituting these expressions into the alpha divergence defined by (2.129) we obtain

Da(qu)—;E( /x{ —flnq }{1+;1np(x)}dx>+0(e)

—— [a@m { Ex;}daﬂ—(’)() (67)

where we have used
/q(x) de =1. (68)
Taking the limit e — 0 gives D_;(pl||q) = KL(q||p) as required.

We first make use of the relation I(x;y) = H(y) — H(y|x) which we obtained in
(2.110), and note that the mutual information satisfies I(x;y) > 0 since it is a form
of Kullback-Leibler divergence. Finally we make use of the relation (2.108) to obtain
the desired result (2.130).

To show that statistical independence is a sufficient condition for the equality to be
satisfied, we substitute p(x,y) = p(x)p(y) into the definition of the entropy, giving

H(x,y) = // x,y) Inp(x,y)dxdy
= [ [ pepy) mpx) + Inp(y)) dxay

/ p(x) Inp(x) dx + / p(y) Inp(y)dy
H(x) + H(y).



18

Solutions 2.30-2.32

2.30

2.31

2.32

To show that statistical independence is a necessary condition, we combine the equal-
ity condition
H(x,y) = H(x) + H(y)

with the result (2.108) to give

H(y|x) = H(y).

We now note that the right-hand side is independent of x and hence the left-hand side
must also be constant with respect to x. Using (2.110) it then follows that the mutual
information I[x, y| = 0. Finally, using (2.109) we see that the mutual information is
a form of KL divergence, and this vanishes only if the two distributions are equal, so

that p(x,y) = p(x)p(y) as required.

When we make a change of variables, the probability density is transformed by the
Jacobian of the change of variables. Thus we have

yi

=p(y)|A] (69)

where | - | denotes the determinant. Then the entropy of y can be written

Hy) =~ [ o) npy)dy =~ [ 56010 {pGOIAI "} dx = H(x) + n[A]
(70)
as required.

The conditional entropy H (y|x) can be written

H(ylx) = *Zzp(yile)p(xj)lnp(yi\:vj) (71)

which equals 0 by assumption. Since the quantity —p(y;|z;)Inp(y;|z;) is non-
negative each of these terms must vanish for any value z; such that p(z;) # 0.
However, the quantity p In p only vanishes for p = 0 or p = 1. Thus the quantities
p(yilx;) are all either O or 1. However, they must also sum to 1, since this is a
normalized probability distribution, and so precisely one of the p(y;|x;) is 1, and
the rest are 0. Thus, for each value x; there is a unique value y; with non-zero
probability.

Consider (2.101) with A = 0.5 and b = a + 2¢ (and hence a = b — 2¢),

0.5f(a) +0.5f(b) > f(0.5a+ 0.5b)
= 0.5£(0.5a +0.5(a + 2€)) + 0.5£(0.5(b — 2¢) + 0.5b)
= 05f(a+€)+0.5f(b—c¢)

We can rewrite this as

fO) = flb—e) > fla+e)— fla)
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We then divide both sides by € and let € — 0, giving
f'(0) > f'(a).

Since this holds at all points, it follows that f”(x) > 0 everywhere.

To show the implication in the other direction, we make use of Taylor’s theorem
(with the remainder in Lagrange form), according to which there exist an z* such
that

f@) = f(zo) + f' (o) (2 — w0) + %f”(x*)(x — @)

Since we assume that "/ () > 0 everywhere, the third term on the r.h.s. will always
be positive and therefore

f(@) > f(zo) + f'(z0)(z — z0)
Now let g = Aa + (1 — \)b and consider setting © = a, which gives
fla) > Flao) + f'@)a )
= fl@o) + f'(xo) (1 = N)(a—1)). (72)

Similarly, setting x = b gives

fb) > f(xo) + f'(x0) (A(b — a)). (73)
Multiplying (72) by A and (73) by 1 — A and adding up the results on both sides, we

obtain
Af(a) + (1= A)f(b) > f(zo) = f(Aa + (1 = A)b)
as required.

From (2.101) we know that the result (2.102) holds for M = 1. We now suppose that
it holds for some general value M and show that it must therefore hold for M + 1.
Consider the left hand side of (2.102)

M+1 M
f (Z )\ifvz) = f <)\M+117M+1 + Z /\ﬂ?i> (74)
i=1

i=1
M

= f (AM-HSUM-H + (1= Aars1) an) (75)
i=1

where we have defined \

= —: 76
1 —Av41 (76)

yi

We now apply (2.101) to give

M+1 M
f <Z Az’%‘) <A f(@argn) + (1= Aarpa) f (Z "71‘%) . 7
i=1 i=1
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2.34

We now note that the quantities \; by definition satisfy

d =1

=1

and hence we have
M
Z Ai=1- Ay
i=1

Then using (76) we see that the quantities 7); satisfy the property

M
Zm— Z/\ =1
i—1

1- >\M+1 —

Thus we can apply the result (2.102) at order M and so (77) becomes

M+1 M M+1
f (Z Az%) <M f(@ai) + (L= M) Y maf (@) = D Nf ()
=1

i=1 =1

where we have made use of (76).

For a one-dimensional variable the KL divergence takes the form

KL(plo) =~ [ pom{ %0} as

=— /p(x) In g(z) dz + const.

(78)

(79)

(80)

(81)

(82)

where the constant term is just the negative entropy of the fixed distribution p(z).
Substituting for p(z) in the first term using the empirical distribution (2.37), and

substituting for ¢(x) using the model distribution ¢(x|6) gives

KL(pllq) = /Nz5 n) Ing(z|0) dz + const.

1
=% Z In ¢(z,|0) + const..
n=1

(83)

which is the required neagative log likelihood function up to an additive constant.
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2.35 From (2.92), making use of (2.107), we have

Hfx,y] = —//p(x,y)lnp(x,.\/)dxdy

- / / p(x,y) In (p(y|%)p(x)) dxdy

_ / / p(x,y) (Inply[x) + Inp(x)) dxdy

_//p(X,Y) In p(y[x) dxdy—//p(x,y) In p(x) dx dy

= = [[ sy mptyaxdy - [ oo ax
— Hlylx] + H[x]

2.36 We first evaluate the marginal and conditional probabilities p(z), p(y), p(z|y), and
p(y|x), to give the results shown in the tables below. From these tables, together

y y
z [0 273 0] 1 0] 1
1173 173 [ 273 [0 [T 12
110/ 12
p(z) p(y) p(zly)
y
0 [ 1
e [0 12112
1] 0|1
p(ylz)
with the definitions
H(z) = =) p(i)Inp(z;) (84)
H(zly) = =Y plwi,y;) np(wily;) (85)
(2]

and similar definitions for H (y) and H (y|x), we obtain the following results
(@ H(z)=In3—2In2

(b) H(y)=In3—2In2

() H(ylz)=3In2

(@) H(zly) = 5In2

(e) H(z,y)= ln3
() I(z;y) =In3—3In2
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2.37

2.38

Figure 1

where we have used (2.110) to evaluate the mutual information. The corresponding
diagram is shown in Figure 1.

The arithmetic and geometric means are defined as

1 K K 1/K
jA:szk and xG:<1;[xk) R

k

respectively. Taking the logarithm of 5 and Zq, we see that

1 & 1 &
lnxA—ln<K;xk> and lnfgzgglnxk.

By matching f with In and \; with 1/K in (2.102), taking into account that the
logarithm is concave rather than convex and the inequality therefore goes the other
way, we obtain the desired result.

From the product rule of probability we have p(x,y) = p(y|x)p(x), and so (2.109)
can be written as

I(x;y) = —//p(XJ) Inp(y) dxdy+//p(x,3’) In p(y[x) dxdy

= —/p(y) Inp(y) dy+//p(x,y) Inp(y|x) dxdy
H(y) — H(y|x). (86)

Diagram showing the relationship Hlz,y]
between  marginal, conditional Y
and joint entropy and the mutual
information.
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Solution 2.40 23

If z; and 2z, are independent, then
COV[Zl, 2’2] = //(21 — 21)(2'2 — Zg)p(zl, 22) le ng
= //(z1 —z1)(z2 — Z2)p(21)p(22) dzy dz

_ / (21 — 20)p(21) dz / (22 — Z2)p(22) d2
— 0,

where

% = Bz = / sip(z2) da.

For y, we have
p(y2lyr) = 6(y2 — v1),

i.e., a spike of probability mass one at y?, which is clearly dependent on y;. With 7;
defined analogously to z; above, we get

covlyr,y2] = //(yl —11)(y2 — 92)p(y1,y2) dy; dye
= // y1(y2 — 92)p(Y2|y1)p(y1) dyr dye

= / (y3 — y192)p(y1) dyr

where we have used the fact that all odd moments of y; will be zero, since it is
symmetric around zero.

[The original printing of Deep Learning: Foundations and Concepts has a typo in
this exercise in which the word ‘convex’ in the first sentence should read ‘concave’.
Note, however, that the exercise can equally well be solved with ‘convex’ by follow-
ing the same reasoning as given here.] We introduce a binary variable C such that
C = 1 denotes that the coin lands concave side up, and a binary variable QQ for which
Q = 1 denotes that the concave side of the coin is heads. From the stated physical
properties of the coin, and from the assumed prior probability that the concave side
is heads, we have

p(C=1)=0.6 (87)
p(Q=1)=0.1. (88)
The data set D = {x1,...,210} consists of 10 observations x each of which takes

the value H for heads or 7T for tails. We assume that the data points are independent
and identically distributed, so the ordering does not matter. A particular coin flip can
land heads up either because it lands concave side up and the concave side is heads
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or because it lands convex side up and the concave side is tails. Thus the probability
of landing heads is given by

plr=H)=p(C=1)p(Q=1)+p(C=0)p(Q=0)
=06x01404x0.9
= 0.06 4 0.36
=0.42 (89)

from which it follows that p(z = T') = 0.58. The probability of observing 8 heads
and 2 tails is therefore

p(D) = < 180 ) x (0.42)% x (0.58)* (90)

where the coefficient in the binomial expansion is given by

N N!
(%)= mww—mon o

The posterior probability that the concave side is heads is then given by Bayes’
theorem

p(DIQ=1)p(Q=1)
p(D)
For the first term in the numerator on the right-hand side we note that, since this is

conditioned on the concave side being heads, we need to use the probabilities of the
coin landing concave side up and concave side down, to give

p(Q=1|D) = 92)

p(D|Q=1) = ( Y ) X (0.6)% x (0.4)2. 93)

Substituting into Bayes’ theorem, and noting that the binomial coefficients cancel,

we obtain

(0.6)® x (0.4)2 x 0.1
(0.42)8 x (0.58)2

p(Q=1|D) = ~ 0.825 (94)

and so we see this is a higher probability than the prior of 0.1, which is intuitively
reasonable since we saw a larger number of heads compared to tails in the data set.
The probability that the next flip will land heads up is then given by

p(H|D) = p(H|Q = 1,D)p(Q = 1|D) + p(H|Q = 0,D)p(Q = 0|D)
=p(H|Q =1)p(Q = 1|D) + p(H|Q = 0)p(Q = 0|D)
~ 0.6 x 0.825 + 0.4 x (1 — 0.825) ~ 0.565 (95)
which we see is higher than the probability 0.42 of heads before we observed the

data. Again this is intuitively reasonable given the predominance of heads in the
data set.
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2.41 If we substitute (2.115) into (2.114), we obtain (2.116). We now use (2.66) for the log
likelihood of the linear regression model, and note that In p(t|x, w, o) corresponds
to Inp(D|w). We also note that >, w? = w'w. Hence we obtain (2.117) for the
regularized error function.



Solutions 3.1-3.2

Chapter 3 Standard Distributions

3.1 From the definition (3.2) of the Bernoulli distribution we have

> plalw) = ple=0lp)+plz =1

z€{0,1}
= (1-p+p=1
Z zp(xlp) = 0.p(x=0[u) + Lp(x =1|u) = p
z€{0,1}
> (@—pplaln) = pPplz=0lu)+ (1 - p)’ple = 1|u)
z€{0,1}
= (1= p) + (1 = p)p=p - p).
The entropy is given by
Hlz] = — Y plalp)np(z|p)
z€{0,1}
— = Y WA {amp+ (- 2)n(l - @)}
z€{0,1}

= —(1—p)In(l —p)—plnp.

3.2 The normalization of (3.195) follows from

plo =1l (e = -1 = (154 + (F54) =1

The mean is given by
1+p 1—p
E = — f
A= () (%)

To evaluate the variance we use

from which we have
var[zr] = E[z?] — E[z)? = 1 — i°.
Finally the entropy is given by

r=4+1

Hlz] = =Y plalu)npan)

r=-—1

- (%)) - ()5
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3.3 Using the definition (3.10) we have

3.4

N NY N N
<n>+<n—1> B n!(N—n)!+(n—1)!(N+l—n)!
_ (N+1—-n)N!'4+naN!  (N+1)!
B nl(N +1—n)! (N +1-n)!
= <N: 1). (96)

To prove the binomial theorem (3.197) we note that the theorem is trivially true
for N = 0. We now assume that it holds for some general value N and prove its
correctness for N + 1, which can be done as follows

1+ = (1 +x)§: <N>x"

() GE e ()

N
_ (N1 +1\ ., (N+1) ni
= (N0 e () (V1)

n=1
N+1
_ Z <N+ 1>$n ©7)
n=0 n

which completes the inductive proof. Finally, using the binomial theorem, the nor-
malization condition (3.198) for the binomial distribution gives

o T T

N
_ _ AN H _
= (1—p) <1+ 1—u> =1 (98)

as required.

Differentiating (3.198) with respect to x we obtain

S (Seta e[

— poo (T=p)

Multiplying through by p(1 — ) and re-arranging we obtain (3.11).
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If we differentiate (3.198) twice with respect to 1 we obtain
N /N n Nen | [ (N-n)]> n (N-n)
Z p" (1= p) Y T Y =0.
N po (1—=p) p? o (1= p)

We now multiply through by p?(1 — p)? and re-arrange, making use of the result
(3.11) for the mean of the binomial distribution, to obtain

E[n’] = Nu(l — p) + N?p2.
Finally, we use (2.46) to obtain the result (3.12) for the variance.

3.5 We differentiate (3.26) with respect to x to obtain

TN D) = Nt D)V {0 TE (x - )
- Nl D) (x - ),

where we have used (A.19), (A.20), and the fact that £~ is symmetric. Setting this
derivative equal to 0, and left-multiplying by 32, leads to the solution x = p.

3.6 First, we define y = Ax + b, and we assume that y has the same dimensionality
as x, so that A is a square matrix. We also assume that A is symmetric and has

an inverse. It follows that x = A~!(y — b). From the sum and product rules of
probability we have

p(y) = / p(y[x)p(x) dx
= /5(y—Ax—b)p(x)dx
oS /5 (x— A7 (y — b)) p(x) dx (99)

where §(-) is the Dirac delta function. Substituting for p(x) using the Gaussian
distribution we have

ply) o / 5 (x— A\ (y — b)) N(xp, ) dx

oc/é(x—A_l(y—b)) exp{—;(x—u)TE_l(x—u)} dx

o<exp{—
ocexp{—

(A y —b)— W)™ (A My —b) - u)}

N — N~

(y-b-Ap)"AT'STTAT (y —b - Au)} (100)
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where we have used the property of a symmetric matrix that its inverse is also sym-
metric. By inspection we see that p(y) is a Gaussian distribution and that its mean
is Ap + b and that its covariance is

(AT'S A7) T = ASA. (101)
From (2.100) we have
KL (¢(x) [p(x)) = — / ¢(x) Inp(x) dx + / (@ hgx)dx.  (102)

Using (3.26), (3.40), (3.42) and (3.46), we can rewrite the first integral on the r.h.s.
of (102) as

- [ a0 mp(o) dx

= [ Ny, B3 {DIn(zm) + 02+ (x = ) By - )}

1
3 {DIn(2m) + In[S,| + T[S, (g pg + 24)]
R R R R R T (103)

The second integral on the r.h.s. of (102) we recognize from (2.92) as the negative
differential entropy of a multivariate Gaussian. Thus, from (102), (103) and (3.204),
we have

KL (¢(x)[[p(x))

(. |3, _ _
=3 {m IEZI —D+Tr(Z,'2) + (1, — 1) "=, (1, uq)}. (104)

We can make use of Lagrange multipliers to enforce the constraints on the maximum
entropy solution. Note that we need a single Lagrange multiplier for the normaliza-
tion constraint (3.201), a D-dimensional vector m of Lagrange multipliers for the
D constraints given by (3.202), and a D x D matrix L of Lagrange multipliers to
enforce the D? constraints represented by (3.203). Thus we maximize

i =~ [reompeoax ( [roax-1)

+m” </p(x)xdx — M)
+Tr{L </p(x)(x—u)(x—u)de— 2)} (105)

By functional differentiation (Appendix B) the maximum of this functional with
respect to p(x) occurs when

0=—1-Inp(x) + A+ m x+ Tr{L(x — p)(x — u)"}.
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Solving for p(x) we obtain
p(x)=exp{A—1+m"x+ (x — p)"L(x—p)}. (106)

We now find the values of the Lagrange multipliers by applying the constraints. First
we complete the square inside the exponential, which becomes

1 * 1 1
A—1+ (X — @+ 2L_1m> L (x — @+ 2L_1m> +p m — ZmTL_lm.

We now make the change of variable
1 —1
y=X—p+ §L m.
The constraint (3.202) then becomes
T T L |
expsA—14+y Ly+pu m—sz m y+u—§L m | dy = p.
In the final parentheses, the term in y vanishes by symmetry, while the term in p

simply integrates to p by virtue of the normalization constraint (3.201) which now
takes the form

1
/exp {)\ —14+y'Ly+p'm— 4mTL_lm} dy = 1.

and hence we have )
—~L 'm=0
5 m

where again we have made use of the constraint (3.201). Thus m = 0 and so the
density becomes

p(x) = exp{A =1+ (x —p)'Lx—p)}.

Substituting this into the final constraint (3.203), and making the change of variable
X — p = z we obtain

/exp {)\ -1+ zTLz} 7zt dx = 3.

Applying an analogous argument to that used to derive (3.48) we obtain L = —%E.
Finally, the value of X is simply that value needed to ensure that the Gaussian distri-
bution is correctly normalized, as derived in Section 3.2, and hence is given by

1 1
A= ln{mwwz |2|1/2}'
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3.9 From the definitions of the multivariate differential entropy (2.92) and the multivari-
ate Gaussian distribution (3.26), we get

H[x]

- /N(x|u, ) In N (x|, ) dx

/N (x|p, 2 Dln(27r) +In |3+ (x—p)'E " (x—p)) dx

= L (Dmen +mz - s )

In |3 —|—§(1+1n(27r)).

3.10 We have p(z;) = N (z|u1, 7 ") and p(xg) = N(xa|pa, 75 ). Since x = 2 + 5
we also have p(z|zs) = N(x|py + 22,7, '). We now evaluate the convolution
integral given by (3.205) which takes the form

p(az) - (27?)1/2 (27T)1/2/ XP {_%(I T x2)2 B %(x2 B N2)2} dz.

= (107)
Since the final result will be a Gaussian distribution for p(x) we need only evaluate
its precision, since, from (2.99), the entropy is determined by the variance or equiv-
alently the precision, and is independent of the mean. This allows us to simplify the
calculation by ignoring such things as normalization constants.

We begin by considering the terms in the exponent of (107) which depend on x5
which are given by

1
—5515%(7'1 + Tz) + 2 {Tl(:L' — ,ul) + Tguz}

= 1(ﬁ+72){x2Tl(f—/h)+72ﬂ2}2 {ri(@ = ) + a2}
2 T+ T 2(11 + )

where we have completed the square over x5. When we integrate out xo, the first
term on the right hand side will simply give rise to a constant factor independent
of x. The second term, when expanded out, will involve a term in z2. Since the
precision of z is given directly in terms of the coefficient of ? in the exponent, it is
only such terms that we need to consider. There is one other term in 22 arising from
the original exponent in (107). Combining these we have

2
T o T 2 1 nime

X
2 2(T1+T2) 27’1 + To

from which we see that « has precision 7172 /(71 + 72).

We can also obtain this result for the precision directly by appealing to the general
result (3.99) for the convolution of two linear-Gaussian distributions.
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3.11

3.12

The entropy of z is then given, from (2.99), by

H[x]—;ln{W}.

We can use an analogous argument to that used in the solution of Exercise ??. Con-
sider a general square matrix A with elements A;;. Then we can always write
A = A* + A® where

Aij + Aj;

Ais — Ass
s _ A _ g i
Aij—#a Ay =——F—

5 (108)

and it is easily verified that A® is symmetric so that Aisj = Ajs-i, and A? is antisym-

metric so that Afj = —Ajs-i. The quadratic form in the exponent of a D-dimensional
multivariate Gaussian distribution can be written

1 D D
B} SO (@i — pa)Aij (5 — ) (109)

i=1 j=1

where A = X7 is the precision matrix. When we substitute A = A® + AS into
(109) we see that the term involving A* vanishes since for every positive term there
is an equal and opposite negative term. Thus we can always take A to be symmetric.

We start by pre-multiplying both sides of (3.28) by ul-t, the conjugate transpose of
u;. This gives us
u/Tu; = \ulu,. (110)

Next consider the conjugate transpose of (3.28) and post-multiply it by u;, which
gives us

u/ Sy, = Mulu,. (111)
where A} is the complex conjugate of A\;. We now subtract (110) from (111) and use
the fact the X is real and symmetric and hence ¥ = 27, to get

0= (/\;k - )\,)u;ru,
Hence A} = )\; and so \; must be real.
Now consider
uiuj\; = u Zu;

= u/XTy;

= (Zw) u

= \ujuj,
where we have used (3.28) and the fact that 3 is symmetric. If we assume that

0 # \; # A; # 0, the only solution to this equation is that ulu; = 0, i.e., that u;
and u; are orthogonal.
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If 0 # A\; = A\; # 0, any linear combination of u; and u; will be an eigenvector
with eigenvalue A = A; = \;, since, from (3.28),
2(0,111' + bllj) = a\u; + b/\jllj
= A(au; + buy).

Assuming that u; # u;, we can construct

u, = au;+ bu;
ug = cu; +du;

such that u, and ug are mutually orthogonal and of unit length. Since u; and u; are
orthogonal to uy, (k # 4, k # j), so are u, and ug. Thus, u, and ug satisfy (3.29).

Finally, if A\; = 0, 3 must be singular, with u; lying in the nullspace of 3. In this
case, u; will be orthogonal to the eigenvectors projecting onto the rowspace of X
and we can chose ||u;|| = 1, so that (3.29) is satisfied. If more than one eigenvalue
equals zero, we can chose the corresponding eigenvectors arbitrily, as long as they
remain in the nullspace of X, and so we can chose them to satisfy (3.29).

We can write the r.h.s. of (3.31) in matrix form as

D
> Al = UAUT = M,

=1

where U is a D x D matrix with the eigenvectors uy, ..., up as its columns and A
is a diagonal matrix with the eigenvalues A1, ..., Ap along its diagonal.

Thus we have
UT™™U = UTUAUTU = A.

However, from (3.28)—(3.30), we also have that
UTEZU = UTAU = UTUA = A,
and so M = X and (3.31) holds.

Moreover, since U is orthonormal, U~! = UT and so

D
271 — (UAUT)—I _ (UT)—1 AflU—l _ UAflUT — Z )\iuzuf,T
i—1

Since uy, ..., up constitute a basis for R”, we can write
a = &1u1 + d2u2 + ...+ dDuD,
where a1, ..., ap are coefficients obtained by projecting a on uy, ..., up. Note that

they typically do not equal the elements of a.
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3.15

3.16

Using this we can write
a'Ya= (ajuf +...+apup) X (@1u; +...+apup)
and combining this result with (3.28) we get
(a1uf + ...+ apup) (@Aus +...+apApup).
Now, since u;fuj = 1 only if ¢ = j, and O otherwise, this becomes
a2+ ... +abAp

and since a is real, we see that this expression will be strictly positive for any non-
zero a, if all eigenvalues are strictly positive. It is also clear that if an eigenvalue,
A, 1S Zero or negative, there exist a vector a (e.g. a = u;), for which this expression
will be less than or equal to zero. Thus, that a matrix has eigenvectors which are all
strictly positive is a sufficient and necessary condition for the matrix to be positive
definite.

A D x D matrix has D? elements. If it is symmetric then the elements not on the
leading diagonal form pairs of equal value. There are D elements on the diagonal
so the number of elements not on the diagonal is D? — D and only half of these are
independent giving

D?-D

5
If we now add back the D elements on the diagonal we get
D?—-D DD +1)

D
2 + 2

Consider a matrix M which is symmetric, so that M™ = M. The inverse matrix
M ! satisfies
MM ! =1

Taking the transpose of both sides of this equation, and using the relation (A.1), we
obtain -
M) M'=1"=1I

since the identity matrix is symmetric. Making use of the symmetry condition for
M we then have

M) "M =1

and hence, from the definition of the matrix inverse,
_I\T _
(M) =M~

and so M1 is also a symmetric matrix.
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Recall that the transformation (3.34) diagonalizes the coordinate system and that
the quadratic form (3.27), corresponding to the square of the Mahalanobis distance,
is then given by (3.33). This corresponds to a shift in the origin of the coordinate
system and a rotation so that the hyper-ellipsoidal contours along which the Maha-
lanobis distance is constant become axis aligned. The volume contained within any
one such contour is unchanged by shifts and rotations. We now make the further
transformation z; = )\;/ 2yi fori =1,...,D. The volume within the hyper-ellipsoid
then becomes

D D D
ST cw =T [T s = 1= /2v0a”
=1 i=1 =1

where we have used the property that the determinant of 3 is given by the product
of its eigenvalues, together with the fact that in the z coordinates the volume has
become a sphere of radius A whose volume is VpAP.

Multiplying the left hand side of (3.60) by the matrix (3.208) trivially gives the iden-
tity matrix. On the right hand side consider the four blocks of the resulting parti-
tioned matrix:

upper left
AM -BD 'CM = (A — BDflc)(A - BDflc)*1 =1
upper right
—~AMBD ! +BD '+ BD !CMBD!
= —(A- BDflc)(A - BDflc)*lBD*1 +BD!
= -BD'+BD'=0
lower left

CM-DD 'CM=CM-CM=0
lower right
—~CMBD '+DD '+ DD !CMBD '=DD !=1

Thus the right hand side also equals the identity matrix.

We first of all take the joint distribution p(x,, Xp, X..) and marginalize to obtain the
distribution p(x,,X5). Using the results of Section 3.2.5 this is again a Gaussian
distribution with mean and covariance given by

12 Yoo Bab
= a Z = .
H (Mb> ’ (Eba Ebb)

From Section 3.2.4 the distribution p(x,, Xp) is then Gaussian with mean and co-
variance given by (3.65) and (3.66) respectively.
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3.20

3.21

3.22

3.23

Multiplying the left hand side of (3.210) by (A + BCD) trivially gives the identity
matrix I. On the right hand side we obtain

(A+BCD)(A™'-A'B(C'+DA'B)"'DA™)
= I+BCDA ' -B(C!'+DA'B)"'DA™!
~-BCDA 'B(C™'+DA'B) 'DA™!
= I+BCDA'-BC(C'+DA'B)(C!'+DA'B)'DA™
I+ BCDA ! -BCDA ' =1

From y = x + z we have trivially that E[y] = E[x] + E[z]. For the covariance we
have

covly] = E[(x-Ex]+y-E[y)(x-E}x+y-Ely])7]
= E[x-EX)(x—-ExX)"]+E[(y —Ely)(y —Ely)"]
+E[(x—EX))(y —E[y)"] +E [(y — E[y])(x — E[x])"]

= cov[x]+ Cov[z]: i

where we have used the independence of x and z, together with E [(x — E[x])] =
E [(z — E[z])] = 0, to set the third and fourth terms in the expansion to zero. For
1-dimensional variables the covariances become variances and we obtain the result
of Exercise 2.10 as a special case.

For the marginal distribution p(x) we see from (3.76) that the mean is given by the
upper partition of (3.92) which is simply p. Similarly from (3.77) we see that the
covariance is given by the top left partition of (3.89) and is therefore given by A"

Now consider the conditional distribution p(y|x). Applying the result (3.65) for the
conditional mean we obtain

Byx = Ap+b+AAT'A(x —p) = Ax +b.

Similarly applying the result (3.66) for the covariance of the conditional distribution
we have

covly|x] =L7' + AATTAT - AATTAATTAT =L
as required.

We first define
X=A+ATLA (112)

and
W = —LA, andthus WT = —ATLT = —ATL, (113)

since L is symmetric. We can use (112) and (113) to re-write (3.88) as

X WT
(v )
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and using (3.60) we get

X WT\ ' M ~MWTL!
W L | -L'WM L' 4L 'WMWTL"!

where now
M= (X-WTL'W) .

Substituting X and W using (112) and (113), respectively, we get

1

M= (A+A"LA—-A"LL'LA) =A"",

~MWTL 1= A TATLL ' = A1AT
and

L'+ L 'LAATATLL !
L'+ AA AT,

L'+ L '"WMWTL!

as required.

Substituting the leftmost expression of (3.89) for R~ in (3.91), we get

A ATTAT Ap — ATSb
AA™Y ST HAATIAT Sb
B A7 (Ap— ATSb) + AT'ATSb
~ LU AAT (Ap—ATSb) + (ST + AATTAT) Sb
- uw—A""ATSb+ A tATSDb
"\ Ap—AAT'ATSb+b+AATTATSD

:(Auu—b)'

Since y = x + z we can write the conditional distribution of y given x in the form
p(ylx) = N(y|u, + x,X,). This gives a decomposition of the joint distribution
of x and y in the form p(x,y) = p(y|x)p(x) where p(x) = N(x|u,, Xx). This
therefore takes the form of (3.83) and (3.84) in which we can identify pu — pu,,
AP S5 3S A S Lb o u, and L' — X,. We can now obtain the marginal
distribution p(y) by making use of the result (3.99) from which we obtain p(y) =
N(y|py + p,, X2 + Ex). Thus both the means and the covariances are additive, in
agreement with the results of Exercise 3.21.

The quadratic form in the exponential of the joint distribution is given by

1 1
—5(x =) Ax—p) = 5(y — Ax—b)'L(y — Ax—b). (114)
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We now extract all of those terms involving x and assemble them into a standard
Gaussian quadratic form by completing the square

- _%XT(A +A"LA)x +x" [Ap+ A"L(y — b)] + const
= S0 m)"(A+ ATLA)(x — m)
—|—%mT(A + ATLA)m + const (115)
where
m=(A+A"LA)"' [Ap+A"L(y - b)].

We can now perform the integration over x which eliminates the first term in (115).
Then we extract the terms in y from the final term in (115) and combine these with
the remaining terms from the quadratic form (114) which depend on y to give

1
= —5yT {L-LAA+A"LA)'A"L}y

+y" [{L-LA(A+A"LA)"'A"L}b

+LA(A + ATLA) 'Ap]. (116)

We can identify the precision of the marginal distribution p(y) from the second order
term in y. To find the corresponding covariance, we take the inverse of the precision
and apply the Woodbury inversion formula (3.210) to give

{L-LAA+ALA)'A™L} =L + AA AT (117)

which corresponds to (3.94).

Next we identify the mean v of the marginal distribution. To do this we make use of
(117) in (116) and then complete the square to give

1 -
—§(y —v)T (L' + AATTAT) ' (y — v) + const

where
v=(L"+AATAT) (L' +AATTAT) "D+ LA(A + ATLA) 'Ap] .

Now consider the two terms in the square brackets, the first one involving b and the
second involving p. The first of these contribution simply gives b, while the term in
4 can be written

= (LT'+AATAT)LA(A+ATLA) 'Ap

= AD+AT'ATLA)I+ATATLA) A 'Ap = Ap

where we have used the general result (BC)~! = C~'B~!. Hence we obtain
(3.93).
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To find the conditional distribution p(x|y) we start from the quadratic form (114)
corresponding to the joint distribution p(x,y). Now, however, we treat y as a con-
stant and simply complete the square over x to give

50— W) TAGx— 1) — 3 (y — Ax—b)"L(y — Ax—b)

1
= _EXT(A + ATLA)x +x" {Ap + AL(y — b)} + const
1
= _Q(X —m)"(A+ ATLA)(x —m)
where, as in the solution to Exercise 3.26, we have defined

=(A+A"LA) " {Ap+A"L(y - b)}

from which we obtain directly the mean and covariance of the conditional distribu-
tion in the form (3.95) and (3.96).

Differentiating (3.102) with respect to 3 we obtain two terms:

N
N 0 10
———— ¥ - == n—p) T2 x, — p).
3 55 11~ 355 2 00n ~ WTE G =)
For the first term, we can apply (A.28) directly to get
N 0 N T N
L = () =y
2w MEl= -5 (5T 2

For the second term, we first re-write the sum

N
D (0 — ) 'S (x, — p) = NTr [27'8],
n=1
where
| N
=N Z —u)t.

Using this together with (A.21), in Wthh x = %;; (element (7, j) in ), and proper-
ties of the trace we get

Z(xn “Yx, —p) = N agij Tr [£'S]

”nl

82

_ e
= NTrL92 > S}

ij

0%
_ -1 9% -1
= —NTr {Z o b)) S}
_ 0¥ o 1qe1
= —NTr {522'3- ¥7'SY }

= -N(z's=T),
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3.29

3.30

where we have used (A.26). Note that in the last step we have ignored the fact that
Yij = Xji, so that 0%/0%;; has a 1 in position (¢, j) only and 0 everywhere else.
Treating this result as valid nevertheless, we get

w\>~

N
8 T N -1
Combining the derivatives of the two terms and setting the result to zero, we obtain

N N
—yl="_ylgy
2 2

Re-arrangement then yields

as required.

The derivation of (3.46) follows directly from the discussion given in the text be-
tween (3.42) and (3.46). If m = n then, using (3.46) we have E[x, x| = pu® +3,
whereas if n # m then the two data points x,, and x,,, are independent and hence
E[x,Xx,] = ppuT where we have used (3.42). Combining these results we obtain
(3.213). From (3.42) and (3.46) we then have

E[Xul] = iZE[(xn—;] Xm> (Xz—;]ZX?)}

n=1 m=1 =1
1 N N 1 N N

N E e e D s 33
n=1 m=1 m=1 [=1

N -1
_ (N >2 (118)

as required.
Using the relation (3.214) we have

1 = exp(iA) exp(—iA) = (cos A+ isin A)(cos A — isin A) = cos® A + sin”® A.
Similarly, we have

cos(A—B) = Rexp{i(A—-B)}

Rexp(iA) exp(—iB)

= R(cos A+ isin A)(cos B — isin B)
cos A cos B + sin Asin B.
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Finally
sin(A—B) = Sexp{i(4— B)}
= Yexp(id)exp(—iB)
= (cos A+ isin A)(cos B —isin B)
= sinAcosB —cos Asin B.
Expressed in terms of & the von Mises distribution becomes
p(€) x exp {m Cos(mfl/Qf)} .
For large m we have cos(m~/2¢) = 1 —m~'¢2/2 + O(m~2) and so
p(€) o< exp {—€%/2}
and hence p(6) oc exp{—m(0 — 6,)?/2}.
Using (3.133), we can write (3.132) as

N N N
E (cos g sin ,, — cos 0,, sin y) = cos Oy E sin 0,, — sin g cosf,, = 0.
n=1 n=1 n=1

Rearranging this, we get
>, sinf,  sinfy

= = tan 6
>, cosb,  cosby 0

which we can solve w.r.t. 6, to obtain (3.134).

Differentiating the von Mises distribution (3.129) we have

p(0) = —27rli(m)

which vanishes when 6 = 6, or when 6 = 6, + 7 (mod2w). Differentiating again
we have

p"(0) = _%r[;(m) exp {mcos(6 — b)} [sin?(6 — bo) + cos(6 — 6y)] .

Since Iy(m) > 0 we see that p”(0) < 0 when § = 6, which therefore represents
a maximum of the density, while p”(6) > 0 when 6 = 6, + 7 (mod27), which is
therefore a minimum.

From (3.119) and (3.134), we see that § = 6}'“. Using this together with (3.118)
and (3.127), we can rewrite (3.137) as follows:

N N
1 1
Almy) = (N E c0s9n> cos O™ + (N E sin9n> sin O™
n=1

n=1

exp {mcos(6 — 6p)} sin(0 — 6y)

= 7cosfcos Oy + 7 sin O sin )"

7 (cos® g™ + sin® 0"")
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3.35

3.36

3.37

Starting from (3.26), we can rewrite the argument of the exponential as

—%Tr [271XXT] +putTe x — %/,LTETI;J,.

The last term is indepedent of x but depends on p and ¥ and so should go into g(n).
The second term is already an inner product and can be kept as is. To deal with
the first term, we define the D?-dimensional vectors z and A, which consist of the
columns of xxT and ¥ 7', respectively, stacked on top of each other. Now we can
write the multivariate Gaussian distribution on the form (3.138), with

2—1
v = [T

£

x

I
—
N X
| I

1
gm) = [Z[exp <—2uT21u) :
Taking the first derivative of (3.172) we obtain, as in the text,

~Vlngln) = gln) [ o) exp {n"uix)} utx) dx

Taking the gradient again gives
~VVingln) = gln) [ oo {n"uix) ) uGcute)” dx

+9g(n) [ ) exp {0} u(x) dx
= E[u(x)u(x)"] - E[u(x)|E[u(x)"]
= cov[u(x)]
where we have used the result (3.172).

The value of the density p(x) at a point x,, is given by h(,,), where the notation j(n)
denotes that data point x,, falls within region j. Thus the log likelihood function

takes the form
N N
Z Inp(x,) = Z Inhjo).
n=1 n=1

We now need to take account of the constraint that p(x) must integrate to unity. Since
p(x) has the constant value h; over region #, which has volume A, the normalization
constraint becomes ), h;A; = 1. Introducing a Lagrange multiplier A we then
minimize the function

N
> Inhjm + A (Z hilA; — 1)
n=1 %
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with respect to iy, to give

Nk
0=—+2XA
B O
where nj, denotes the total number of data points falling within region k. Multiplying
both sides by hj, summing over k£ and making use of the normalization constraint,
we obtain A = —N. Eliminating )\ then gives our final result for the maximum
likelihood solution for Ay, in the form

N 1
hy = ——.
PN A,
Note that, for equal sized bins A, = A we obtain a bin height ), which is propor-
tional to the fraction of points falling within that bin, as expected.

From (3.180) we have
K

Plx) = Vi(p)

where V (p) is the volume of a D-dimensional hypersphere with radius p, where in
turn p is the distance from x to its K" nearest neighbour in the data set. Thus, in
polar coordinates, if we consider sufficiently large values for the radial coordinate r,
we have

p(x) oc r P,

If we consider the integral of p(x) and note that the volume element dx can be
written as rP~! dr, we get

/p(x)dxoc/ rDrDldr—/ r~tdr
0 0

which diverges logarithmically.



44 Solutions 4.1-4.4

Chapter 4

Single-layer Networks: Regression

4.1

4.2

4.3

Substituting (1.1) into (1.2) and then differentiating with respect to w; we obtain

N
ij:v] t, | 2 = 0. (119)

n=1 \ 57=0
Re-arranging terms then gives the required result.
For the regularized sum-of-squares error function given by (1.4) the corresponding

linear equations are again obtained by differentiation, and take the same form as
(4.53), but with A;; replaced by A;;, given by

Using (4.6), we have

2
2 1+e 2@
l4+e2¢ 14e 20
1— e—2a
1+ e 20

—a

e’ —e
et +e @
= tanh(a).

If we now take a; = (x — j;)/2s, we can rewrite (4.57) as
M
y(x,w) = wo+ Z w;o(2a;)
jfl

= wo~|—z (20(2a;) —1+1)

= wuy+ Z uj tanh(a;),

j=1

where u; = w;/2,forj =1,... Manduofwo—l—z L w;/2.

4.4 We first write

o(@"d) etV = v
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where ¢, is the m-th column of ® and v = (®"®)~'®*v. By comparing this
with the least squares solution in (4.14), we see that

y=®wy, = ®(@7®) 1ot

corresponds to a projection of t onto the space spanned by the columns of ®. To see
that this is indeed an orthogonal projection, we first note that for any column of ®,

Pijs
Te)-1pT Te\—1aT
2(@7®) Ty, = [2(@T®)12TD] =,
and therefore
_ T
(Y-t 0, =(@wy —t) ¢, =t" (B(@"®)'®" ~1) ¢, =0
and thus (y — t) is ortogonal to every column of ® and hence is orthogonal to S.

If we define R = diag(ry, ..., 7x) to be a diagonal matrix containing the weighting
coefficients, then we can write the weighted sum-of-squares cost function in the form

1
Ep(w) = 5(t — ®w) 'R(t - &w).
Setting the derivative with respect to w to zero, and re-arranging, then gives
w* = ("R®) ' "Rt

which reduces to the standard solution (4.14) for the case R = 1.

If we compare (4.60) with (4.9)—(4.11), we see that r,, can be regarded as a precision
(inverse variance) parameter, particular to the data point (x,,, t,, ), that either replaces
or scales f3.

Alternatively, r,, can be regarded as an effective number of replicated observations
of data point (x,,, ¢, ); this becomes particularly clear if we consider (4.60) with r,,
taking positive integer values, although it is valid for any r,, > 0.

Taking the gradient of (4.26) with respect to w and setting this to zero, we obtain

N
0=—=> {tn — W p(xn)}p(xn) + AW (121)
n=1
which we can rewrite as
0=-2"t+&"dw+ \w (122)
Rearranging to solve for w we then obtain
w=(\+3T®) &t (123)

as required.
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4.7

4.8

We first write down the log likelihood function which is given by

N
In|3| - % D (b = WT(xn) 'S (b — WT(xn)).

n=1

N

InL(W, %) = ——

First of all we set the derivative with respect to W equal to zero, giving

N
0=— Z Eil(tn - WT¢(XH))¢(XH)T~

Multiplying through by ¥ and introducing the design matrix ® and the target data
matrix T we have

PTOW = @' T
Solving for W then gives (4.14) as required.

The maximum likelihood solution for X is easily found by appealing to the standard
result from Chapter ?? giving

N

2= 23 (b~ W)t ~ Wi e(x,)"

n=1

as required. Since we are finding a joint maximum with respect to both W and 3
we see that it is Wy, which appears in this expression, as in the standard result for
an unconditional Gaussian distribution.

The expected squared loss for a vectorial target variable is given by

Bl = [ Iy - tlPp(t, ) axde

Our goal is to choose y(x) so as to minimize E[L]. We can do this formally using
the calculus of variations to give
0E[L]
5y (x)

Solving for y(x), and using the sum and product rules of probability, we obtain

wméﬁ?jf/w@m&
pltx

= /Q(y(x) —t)p(t,x)dt = 0.

which is the conditional average of t conditioned on x. For the case of a scalar target
variable we have

Mﬂ—/mmmt

which is equivalent to (4.37).
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We start by expanding the square in (??), in a similar fashion to the univariate case
in the equation preceding (4.39),

Iy (x) = t]1* = [y (x) — Eltlx] + E[t]x] - t]*
= |ly(x) - Eftlx]|* + (y(x) — E[t]x])" (E[t|x] - t)
+(E[tlx] — £)T (y(x) — E[tlx]) + [E[t]x] — t]*

Following the treatment of the univariate case, we now substitute this into (4.64) and
perform the integral over t. Again the cross-term vanishes and we are left with

E[L] = / ly () — E[t]x][*p(x) dx + /Var[t|X]p(X) dx
from which we see directly that the function y(x) that minimizes E[L] is given by
E[t|x].
This exercise is just a repeat of Exercise 4.9.

To prove the normalization of the distribution (4.66) consider the integral

o0 xq oo xq
I—/Ooexp (—'20|2) dx—Q/O exp <_W> dz

and make the change of variable

xq

u = )
202

Using the definition (??) of the Gamma function, this gives

< 202 2(202)1/ar(1
I = 2/ L(202u)(1—q)/q exp(—u) du = (207) (1/q)
0 q q

from which the normalization of (4.66) follows.

For the given noise distribution, the conditional distribution of the target variable
given the input variable is

N t — yx, W)l
Pt o) = st 0 ()

The likelihood function is obtained by taking products of factors of this form, over
all pairs {x,,, t,, }. Taking the logarithm, and discarding additive constants, we obtain
the desired result.

Since we can choose y(x) independently for each value of x, the minimum of the
expected L, loss can be found by minimizing the integrand given by

/ () — t]p(t]) dt (124)
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for each value of x. Setting the derivative of (124) with respect to y(x) to zero gives
the stationarity condition

/ aly(x) — 1|7 sign(y(x) — £)p(t}x) di

y(x) 00
= q/ ly(x) — t77 " p(t]x) dt—q/ [y(x) — 7" "p(t|x) dt =0

—o0 y(x)

which can also be obtained directly by setting the functional derivative of (4.40) with
respect to y(x) equal to zero. It follows that y(x) must satisfy

y(x) [e’e]
[ et e = [ 60— gl de. (29

—o0 y(x)

For the case of ¢ = 1 this reduces to

(x) oo
/y p(t|x)dt = / p(t|x) dt. (126)
y

—o0 (x)

which says that y(x) must be the conditional median of ¢.

For ¢ — 0 we note that, as a function of ¢, the quantity |y(x) — ¢|? is close to 1
everywhere except in a small neighbourhood around ¢ = y(x) where it falls to zero.
The value of (124) will therefore be close to 1, since the density p(t) is normalized,
but reduced slightly by the ‘notch’ close to t = y(x). We obtain the biggest reduction
in (124) by choosing the location of the notch to coincide with the largest value of
p(t), i.e. with the (conditional) mode.
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Single-layer Networks: Classification

5.1

5.2

5.3

Consider the component ¢;, of t. By definition we have
p(te = 1|x) = p(Ck|x) (127)
p(te = 0x) =1 — p(Ci[x). (128)
Taking the expectation of ¢, then gives
E[ty|x] = 1 x p(Ck|x) + 0 x {1 — p(Cx|x)} = p(Ck|x) (129)
as required.

Assume that the convex hulls of {x,,} and {y,, } intersect. Then there exists at least

one point z such that
2= nXn =Y Bm¥m (130)

where 3, > 0 forall mand ) B, = 1. If {x,} and {y,,} also were to be
linearly separable, we would have that

wlz +w, = Z anWrx, + wy = Zan(vAvam +wp) >0, (131)
n n

since WTx,, +w > 0 and the {«, } are all non-negative and sum to 1. However, by
the corresponding argument

Wizt wo =) BuW'ym+wo =) Bu(Wym+w) <0,  (132)

which is a contradiction and hence {x,} and {y,,} cannot be linearly separable if
their convex hulls intersect.

If we instead assume that {x,,} and {y,, } are linearly separable and consider a point
z in the intersection of their convex hulls, the same contradiction arise. Thus no such
point can exist and the intersection of the convex hulls of {x,,} and {y,,} must be
empty.

For the purpose of this exercise, we make the contribution of the bias weights explicit
in (5.14), giving

Ep(W) = %Tr{(XW + 1wy — T)'(XW +1wj — T)}, (133)

where wy is the column vector of bias weights (the top row of N4 transposed) and 1
is a column vector of N ones.

We can take the derivative of (133) w.r.t. wy, giving

2Nw, + 2(XW — T)T1. (134)
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Setting this to zero, and solving for w(, we obtain
wo =t - W' (135)
where o . -
t:NT 1 and X:NX 1. (136)
If we subsitute (135) into (133), we get

Ep(W) = %Tr{(XW +T-XW-T)"(XW+T-XW-T)}, (137

where

T=1t" and X=1x". (138)
Setting the derivative of this w.r.t. W to zero we get
W = (X"X)"'XTT = X'T, (139)
where we have defined X = X — X and T =T — T.

Now consider the prediction for a new input vector x*,

y(x*) = WTx* +wq
= Wix*+t-WTk
_ ~ ~ N\ T
- §-TT (XT) (x* — %). (140)
If we apply (5.97) to t, we get
_ 1
alt = NaTTTl = —b. (141)

Therefore, applying (5.97) to (140), we obtain
aly(x*) = aTt+a'T" (XT)T (x* — %)
= alt=-b,
since aTTT = a™(T —T)" = (1 — 1) = 0",
When we consider several simultaneous constraints, (5.97) becomes
At, +b=0, (142)

where A is a matrix and b is a column vector such that each row of A and element
of b correspond to one linear constraint.

If we apply (142) to (140), we obtain
_ AT
Ay(x*) = At-— ATT (XT) (x* — %)
= At = —b,

=l

since ATT = A(T — T)T = b1 — b1" = 0", Thus Ay(x*) + b = 0.
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Using the definitions (5.30) and (5.31) we have

Ntp y Nrp
Ntp + Nrp Nrp + Nen
Nip
(Ntp + Npp)(N1p + Npn)

Similarly, taking a common denominator we have

Nrp n Nrp
Nrtp + Nep Ntp + Npn
~ Nrpp(Ntp + Nex) + Nop(Nrp 4 Nrp)
a (Ntp + Npp)(Nrp + Nen)
_ Ntp(2N1p + Nex + Nep)
~ (Ntp + Nep)(Ntp 4+ Npx)'

Substituting these two results into (5.38) we obtain

~ 2Ntp + Nep + Nex |

Precision x Recall =

Precision + Recall =

(143)

as required.

Since the square root function is monotonic for non-negative numbers, we can take
the square root of the relation @ < b to obtain a'/? < b'/2. Then we multiply both
sides by the non-negative quantity a'/? to obtain a < (ab)'/2.

The probability of a misclassification is given, from (??), by

p(mistake) = /p(X,Cg)dX+/ p(x,Cy) dx
R1 Ro

- / p(Calx)p(x) dx + / p(Cp(x)dx.  (144)
R1

Ra

Since we have chosen the decision regions to minimize the probability of misclassi-
fication we must have p(Cs|x) < p(C;|x) in region R4, and p(C;|x) < p(Cs|x) in
region R5. We now apply the result a < b = a'/? < b'/2 to give

p(mistake) < {p(Calx)p(Calx)}/?p(x) dx

Ri1

. {p(Calx)p(Calx)}/*p(x) dx

- / [P(CL)p()P(Calx)p(x)} 2 dx (145)

since the two integrals have the same integrand. The final integral is taken over the
whole of the domain of x.
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5.7

5.8

5.9

5.10

5.11

Substituting Ly; = 1 — dj; into (5.23), and using the fact that the posterior proba-
bilities sum to one, we find that, for each x we should choose the class j for which
1 — p(C;|x) is a minimum, which is equivalent to choosing the j for which the pos-
terior probability p(C;|x) is a maximum. This loss matrix assigns a loss of one if
the example is misclassified, and a loss of zero if it is correctly classified, and hence
minimizing the expected loss will minimize the misclassification rate.

From (5.23) we see that for a general loss matrix and arbitrary class priors, the ex-
pected loss is minimized by assigning an input x to class the 5 which minimizes

S Ligp(Culx) = —— 3 Liyp(xICp(Ci) (146)
p p(x) 4

and so there is a direct trade-off between the priors p(Cy,) and the loss matrix Ly;.

We recognise the sum over data points in (5.100) as the finite-sample approximation
to an expectation, as seen in (2.40). Taking the limit N — oo we can use (2.39) to
write the expectation in the form

EM@BH=/m@xw&Nx=/M@xwx:M@> (147)

where we have used the product and sum rules of probability.

A vector x belongs to class Cy, with probability p(Cy|x). If we decide to assign x to
class C; we will incur an expected loss of ), Lj;p(Cj|x), whereas if we select the
reject option we will incur a loss of . Thus, if

j = arg mlln;Lklp(Cﬂx) (148)

then we minimize the expected loss if we take the following action

class j, if min; Zk Lklp(Ck\x) < A\

reject, otherwise. (149)

choose {

For a loss matrix Ly; = 1 — Ij,; we have >, Lip(Ci|x) = 1 — p(Ci|x) and so we
reject unless the smallest value of 1 — p(C;|x) is less than A, or equivalently if the
largest value of p(C;|x) is less than 1 — A. In the standard reject criterion we reject
if the largest posterior probability is less than #. Thus these two criteria for rejection
are equivalent provided § = 1 — A.

From (5.42) we have

l1-o(a) =




5.12

5.13

Solutions 5.12-5.13 53

The inverse of the logistic sigmoid is easily found as follows

1
1+ e @

Substituting (5.47) into (5.41), we see that the normalizing constants cancel and we
are left with

exp (—4 (x = ) S (x— ) ) p(C1)
exp (=3 (x = )T B (x = o)) p(C2)

1
= 5 (XETX —xZp, — pul X4 pl S,

a = In

p(Cy
—xETx + xBp, + pd Bx — pl 3 3H,) +1n Eczg
_ 1 _ p(C
= (i —py) T7x - 3 (1= 0y — py Bp,) +1n Ecli

Substituting this into the rightmost form of (5.40) we obtain (5.48), with w and wg
given by (5.49) and (5.50), respectively.

The likelihood function is given by

N K
p({(bnatn}‘{ﬂk}) = H H {p ¢n|ck ,Kk}tuk

n=1k=1

and taking the logarithm, we obtain

N K
np ({6n, tn}{m}) =D ok {Inp(¢n|Ch) + Inmy} (150)

n=1k=1

In order to maximize the log likelihood with respect to 73, we need to preserve the
constraint ) _, 7, = 1. This can be done by introducing a Lagrange multiplier A and
maximizing

K
Inp ({on, tn}{me}) + A (Z Tk — 1> . (151)
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Solution 5.14

5.14

Setting the derivative with respect to 7 equal to zero, we obtain

N

120
Y=o (152)
Tk
n=1
Re-arranging then gives
N
~TRA = tnk = N (153)
n=1
Summing both sides over k£ we find that A\ = — N, and using this to eliminate \ we

obtain (5.101).

If we substitute (5.102) into (150) and then use the definition of the multivariate
Gaussian, (3.26), we obtain

Inp ({¢n, tn}{m}) =
K
Dt {0 B+ (¢, — )" —p)}, (154)

1k=1

l\D\’—‘
M=

3
Il

where we have dropped terms independent of {u;, } and X.

Setting the derivative of the r.h.s. of (154) w.r.t. u;, obtained by using (A.19), to
zero, we get

N K
DD kST ¢, — ) = 0. (155)

=1 k=

3
—

Making use of (153), we can re-arrange this to obtain (5.103).
Rewriting the r.h.s. of (154) as

N K
0 b ([ + T[S, — )@ - m)]} (156)

n=1 k=1

we can use (A.24) and (A.28) to calculate the derivative w.r.t. 37 *. Setting this to
zero we obtain

DO —

N T
Stk {Z = (b — 1) (D — 3)"} = 0. (157)
k

n=1

Again making use of (153), we can re-arrange this to obtain (5.104), with Sy, given
by (5.105).

Note that, as in Exercise 3.28, we do not enforce that 3 should be symmetric, but
simply note that the solution is automatically symmetric.
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5.16
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We assume that the training set consists of data points x,, each of which is labelled
with the associated class Cy. This allows the parameters {1} to be fitted for each
class independently. From (5.64) the log likelihood function for class Cj is then
given by

N D
Inp(D|Cy) = Z > {wni g + (1= 2n;) In(1 = prs) } (158)
n=1 4=1

Setting the derivative with respect to u; equal to zero gives
N

Mk

Rearranging to solve for px; we finally obtain

1 N
= D Tni (160)
n=1

which is the intuitively pleasing result that, for each class k£ and for each component
1, the value of py; is given by the average of the values of the corresponding compo-
nents x,; of those data vectors that belong to class Cx. Since the x,; are binary this
is just the fraction of data points for which the corresponding value of ¢ is equal to
one.

The generative model for ¢ corresponding to the chosen coding scheme is given by

p(|Ch) = Hp bra | Ci) (161)
where
b | Ck) = Hui:;;a, (162)

where in turn { (i, } are the parameters of the multinomial models for ¢.
Substituting this into (5.46) we see that

ar = Inp(¢|Cr)p(Cr)

= lnp Ck Z m ‘ Ck)

i

M L
= Inp(Cx)+ Z Z¢ml In ptgme, (163)

m=1 [=1

which is linear in ¢,,,;.
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Solution 5.17

5.17 We denote the data set by D = {¢,n;i } where n = 1,..., N. From the naive Bayes

assumption we can fit each class Cy separately to the training data. For class Cy, the
log likelihood function takes the form

N M L
Ip(DICk) =D D> > Gt I i (164)

n=1m=1 [=1

Note that the parameter fi,,,; represents the probability that for class C; the compo-
nent m will have its non-zero element in position /. In order to find the maximum
likelihood solution we need to take account of the constraint that these probabilities
must sum to one, separately for each value of m, so that

L
> ot = 1. (165)
=1

We can handle this by introducing Lagrange multipliers, one per component, and
then maximize the modified likelihood function given by

N M L L
ZZZ%zlnukaA (z) 166
=1

n=1m=1 [=1

Setting the derivative with respect to fix,,,; equal to zero gives

o:i{%ml}ﬂ . (167)

Hkml

Rearranging to solve for pif,,; we obtain

1 N
et = =5 ; Grmi- (168)

To find the Lagrange multipliers we substitute this result into the constraint (165)

and rearrange to give
N L
=3 bamt (169)

n=1 |=

[

We now use this to replace the Lagrange multiplier in (168) to give the final result
for the maximum likelihood solution for the parameters in the form

N
Z ¢nml

[l = —————. (170)

N L
Z Z ¢nml

n=1 =1



5.18

5.19

5.20

Differentiating (5.42) we obtain

do e
(1+e2)?

da
o(a)
o(a)

We start by computing the derivative

o _ 1

Solutions 5.18-5.20 57

—a

e—a
1+ e @

1+e @ 1
l+e @ 1+4+e @

o(a)(1 —o(a)).

of (5.74) w.r.t. y,,

- tn tn

- T (171)
_ Yl —tn) —ta(1 = yn)
y”(l - yn)
Yn = Yntn —tn + Yntn
- (172)
yn(l - yn)
yn - t'n,
T d—u (173)
yn(l - yn)
From (5.72), we see that
ayn 30(an) B
90, =~ oa, ~Clan)(1=0(an)) =ya(l = yn). (174)
Finally, we have

where V denotes the gradient with respect to w. Combining (173), (174) and (175)

using the chain rule, we obtain

VE

as required.

OF Oy,

Oyn Oay, Ba, ¥ o

> 5
> -

n=1

If the data set is linearly separable, any decision boundary separating the two classes

will have the property

o, |

>0 ift, =

< 0 otherwise. (176)
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Moreover, from (5.74) we see that the negative log-likelihood will be minimized
(i.e., the likelihood maximized) when y,, = o (wr¢,,) = t,, for all n. This will be
the case when the sigmoid function is saturated, which occurs when its argument,
wT¢, goes to £00, i.e., when the magnitude of w goes to infinity.

5.21 From (5.76) we have

ayk ek ek 2

Py - = (1 —
day, Zl edi <Z@ el ) yk( yk);
ayk ek i .

o T T a2 T TYRYG j# k.
8aj (Zz ea,)

Combining these results we obtain (5.78).

5.22 From (5.80) we have

OF th
— Ik (177)
aynk Ynk

If we combine this with (5.78) using the chain rule, we get

OE i OF Oyns
k=1

8(an _ 8ynk 8(an

K¢
k
= - Z Lynk (Ik] - ynj)
k—1 Ynk

where we have used that Vn : >, t,, = 1.

If we combine this with (175), again using the chain rule, we obtain (5.81).

5.23 We consider the two cases where a > 0 and a < 0 separately. In the first case, we
can use (3.25) to rewrite (5.86) as

®(a) = /OOO/\/'(9|O, 1) d0+/0a \/%exp (—f) de

1 1 a/V2 2 \[
= —4+ — exp (—u 2du
st ew ()

1 a
_ 2{1+erf <ﬂ>} (178)

where, in the last line, we have used (5.87).

When a < 0, the symmetry of the Gaussian distribution gives

®(a) =1— P(—a). (179)
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Combining this with (178), we get

o(a) —1—;{Lmﬁ<x%>}
()

where we have used the fact that the erf function is is anti-symmetric, i.e., erf(—a) =
—erf(a).

From (5.72) we have that

do

Z = -0

a=0

1 1\ 1
= 20—2>:4. (180)

Since the derivative of a cumulative distribution function is simply the corresponding
density function, (5.86) gives

d®(A
(Aa) = AN(0[0,1)
da |,
1

= A—.

V2w
Setting this equal to (180), we see that

V2
A= Tﬁ or equivalently A\ = % (181)

The comparison of the logistic sigmoid function and the scaled probit function is
illustrated in Figure 5.12.
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Solutions 6.1-6.3

Chapter 6

Deep Neural Networks

6.1

6.2

6.3

On the right-hand side of (6.51) we make the change of variables u = r? to give
1 > —u, D/2-1 1
§SD e "u du = §SDF(D/2) (182)
0

where we have used the definition (??) of the Gamma function. On the left hand side
of (6.51) we can use (2.126) to obtain 72/2. Equating these we obtain the desired
result (6.53).

The volume of a sphere of radius 1 in D-dimensions is obtained by integration

1
Vp = SD/ PPl dr = S—D. (183)
0 D

For D = 2 and D = 3 we obtain the following results

4
Sy = 2, S3 = 4, V, = ma?, Vi = §7TCL3. (184)

The volume of the cube is (2a)D . Combining this with (6.53) and (6.54) we obtain
(6.55). Using Stirling’s formula (6.56) in (6.55) the ratio becomes, for large D,

volume of sphere ( Te )D/2 1 (185)

volume of cube ~ \2D D

which goes to 0 as D — oo. The distance from the center of the cube to the mid
point of one of the sides is a, since this is where it makes contact with the sphere.
Similarly the distance to one of the corners is ay/D from Pythagoras’ theorem. Thus
the ratio is v/D.

Since p(x) is radially symmetric it will be roughly constant over the shell of radius
r and thickness e. This shell has volume SprP~'e and since ||x||> = r? we have

/ p(x) dx ~ p(T)SDTD_le (186)
shell

from which we obtain (6.58). We can find the stationary points of p(r) by differen-
tiation

d D—2 D—1 r r? _
P [(D T (—ﬁﬂ exp <—202> —0. (187)

Solving for r, and using D > 1, we obtain 7 ~ v/Do.
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Next we note that

pF+e) o« F+e)Plexp [—

(T+e¢)?

202 ]

(T +¢€)?
202

exp [— +(D—1)In(r + e)} . (188)

We now expand p(r) around the point 7. Since this is a stationary point of p(r)
we must keep terms up to second order. Making use of the expansion In(1 + z) =
x — x?/2 + O(x?), together with D > 1, we obtain (6.59).

Finally, from (6.57) we see that the probability density at the origin is given by

1

p(XZO):W

while the density at ||x|| = 7 is given from (6.57) by

N 1 72 _ 1 D
p(”XH - r) - (27TJ2)1/2 €xXp _ﬁ - (27_(_0_2)1/2 exp | — 2

where we have used 7 ~ v/Do. Thus the ratio of densities is given by exp(D/2).

Using the definition of the tanh function we have

et —e @

et +e—e
1— 6720'
2 14 e 20
l+e2a 14e2a
-2
Cl4e
= 20(2a) — 1 (189)

tanh(a)

where we have made use of the definition of the sigmoid function in (6.60). Re-
arranging we obtain

o(a) = % (tanh(a/2) + 1). (190)

For the case of a logistic sigmoid activation function, the argument of the output-unit
activation function in (6.11) is given by

M D
> wle (Z@%) (191)
§=0 i=0
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—2.5 1

—2.5
(@)

B=01] —257
T T

0.0 2.5 2.5 0.0 2.5

(b)

Figure 2 The swish activation function plotted for values of 3 = 0.1, 1 and 10

6.5

Substituting for the sigmoid function using (190) we obtain

M D
S22 tanh (Z @gpxi)
j=0 =0

where we have defined

~@2 _ 1

kj _§wkj7 J 17
~@_ 1 @ 1

ko = 5%ko +§
~o_ 1 o

Ji 9 i

which again takes the form (6.11).

2.5 - i
0.0 1 AR
—2.5 1 i B8 =10
—2.5 0.0 2.5
(c)
(192)
M (193)
(194)
(195)

Using the definition of the logistic sigmoid, the swish activation function can be

written as

sw(z) <

T 1+ exp(—pz)

(196)

This is plotted for 3 = 0.1, 5 = 1.0, and 8 = 10 in Figure 2. In the limit 8 — oo we
can consider the behaviour of the swish function separately for positive and negative
values of x. For z > 0 the function exp(—fz) — 0 and hence sw(z) — x, while
for 2 < 0 the function exp(—pSx) — oo and hence sw(z) — 0. Thus, in this limit

the swish function becomes a ReLLU function.



Solution 6.7
6.6 From (6.14), using standard derivatives, we get
Ao e? B e*(e® — e_‘;) n e @ N e (e — e_:)

da et +e"?  (e®+e9) et +e @ (e® +e79)
e“+e @ 1—e¥—e 241

e’ +e 4 * (eo + e—a)?

20 _ 94 o2

(ea _ e—a)(ea _ e—a)

(v + e ) (e + e )

= 1 — tanh®(a).

= ]_—

6.7 The softplus activation function is given by

63

((a) =In(1+exp(a)). (197)

We can prove the property (6.62) using the following steps

((a) = ¢(=a) =In(1 + exp(a)) — In (1 + exp(—a)) (198)
= In[exp(a) (exp(—a) + 1)] — In (1 + exp(—a)) (199)
=a+In(exp(—a)+1) —In(1 + exp(—a)) (200)
—a. 201)

To prove the property (6.63 ) we have

Ino(a) = —In(1+exp(—a)) = —((—a). (202)

For the derivative (6.64) of the softplus function we have

d d
aC(a) -4 In (1 + exp(a))

exp(a)
1 + exp(a)
1

=————=9o0(a). (203)

1 + exp(—a)

Finally, to find the inverse (6.65) of the softplus function let y = (~*(a), then

a=((y) =In(1l+exp(y)). (204)

Rearranging we obtain

exp(a) =1+ exp(y) (205)

and hence

y = In(exp(a) — 1). (206)
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6.8

6.9

6.10

Differentiating the error (6.25) with respect to o and setting the derivative to zero
gives

N
1 s N1
- 72 (30, W) =t} + 5 . (207)
Rearranging to solve for 0 we obtain
Z{y X, W) = 1} (208)
as required.
The likelihood function for an i.i.d. data set, {(x1,t1),...,(Xn,tx)}, under the

conditional distribution (6.28) is given by

N
H N (tn|y(xn7 w), ﬁfll) :

If we take the logarithm of this, using (3.26), we get

N
Zln/\/ (tnly(xn, w), 37'T)

n=1

N
—= 3 (60 = ¥, W)™ (BD) (£ — ¥ (x50, W)) + const

n—=

l\D\H
—

M\Q

N
o) lItn — ¥ (%0, W)[|* + const,

n=

—_

where ‘const’ comprises terms which are independent of w. The first term on the
right hand side is proportional to the negative of (6.29) and hence maximizing the
log-likelihood is equivalent to minimizing the sum-of-squares error.

In this case, the likelihood function becomes
N
p(T|X7 w, 2) = H N (tn|y(xn7 W)7 2) ’
with the corresponding log-likelihood function
Inp(T|X,w, X)

N
= —5 (|| + K In(2m)) B (b —yn), (209)

l\)\’—‘
Mz

n=1

where y,, = y(x,,w) and K is the dimensionality of y and t.
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If we first treat X as fixed and known, we can drop terms that are independent of w
from (209), and by changing the sign we get the error function

E(w) = % S (b = yo) TS (b — ).

If we consider maximizing (209) w.r.t. 3, the terms that need to be kept are

_*1n|2| - 72“’ yn TZ ( - yn)-

By rewriting the second term we get

N 1 al
—1 T
—5 |- 5T |2 ;(tn—yn)(tn—yn)

Using results from Appendix ??, we can maximize this by setting the derivative w.r.t.
>~ to zero, yielding

1 N
T
Nz 7yn) .
n=1

Thus the optimal value for 32 depends on w through y,,.

A possible way to address this mutual dependency between w and 3 when it comes
to optimization, is to adopt an iterative scheme, alternating between updates of w
and X until some convergence criterion is reached.

Let ¢t € {0, 1} denote the data set label and let & € {0, 1} denote the true class label.
We want the network output to have the interpretation y(x, w) = p(k = 1|x). From
the rules of probability we have

p(t=1|x) = Zp (t =1k)p(k|x) = (1 — e)y(x, w) + (1 — y(x,w)).

The conditional probability of the data label is then
p(tlx) = p(t = 1[x)"(1 —p(t = 1]x)"~"

Forming the likelihood and taking the negative logarithm we then obtain the error
function in the form

= = {taln[(1 = y(xn, W) + (1 — y(xn, W))]

(1 = tn)In[1 = (1= €)y(xn, W) — (1 — y(xn, W))]} -

See also Solution ??.
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6.12

6.13

6.14

This simply corresponds to a scaling and shifting of the binary outputs, which di-
rectly gives the activation function, using the notation from (2?), in the form

y=20(a) — 1.

The corresponding error function can be constructed from (6.33) by applying the
inverse transform to y,, and t,,, yielding

N
1+t, ., 14y, 1+t, 1+yn
B = — 1 1- In(1-
(w) ;2n2+< 2>n< 2>
1N
— 752 {1+ tn)In(1+yp) + (1= t) In(1 = yn)} + N1n2

n=1

where the last term can be dropped, since it is independent of w.

To find the corresponding activation function we simply apply the linear transforma-
tion to the logistic sigmoid given by (??), which gives

2

1 +e @
1—¢ @ ea/2 _ e—a/2

1+ea T ea/2 1+ e—a/2
= tanh(a/2).

20(a) — 1

y(a)

For the given interpretation of y;(x, w), the conditional distribution of the target
vector for a multiclass neural network is

K
p(tlwy, ..., wg) = H y,i’“.
k=1

Thus, for a data set of IV points, the likelihood function will be

N K
n=1k=1

Taking the negative logarithm in order to derive an error function we obtain (6.36)
as required. Note that this is the same result as for the multiclass logistic regression
model, given by (5.80) .

Differentiating (6.33) with respect to the activation a,, corresponding to a particular
data point n, we obtain
oE 1 ayn 1 8yn
5 = —lpn— + (11—t —
day, " Y Oy, ( n)

TR (210)
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Solution 6.15

From (5.72), we have
Oyn
=yn(1l—1yp).
90, Y (1= yn)
Substituting (211) into (210), we get
(22 _tny( y)+(1_tn)y( Yn)
Oay, Yn (1 - yn)
= Yn —ty

as required.

67

(211)

Consider a specific data point n and, to minimize clutter, omit the suffix n on vari-

ables such as aj, and y;,. We can use the chain rule of calculus to write

OE <~ OE dy;

B~ 2= Dy; Dy’
From (6.36) we have
OF _ Y
9y, yi
We can write (6.37) in the form
exp(a;)

l

212)

(213)

(214)

For the derivative ayj /Oay, there are two contributions, one from the numerator and

one from the denominator, so that

dy; _ exp(a;)dr  exp(a;) exp(ax)

dar — Yoyexpla)  {X, exp(ar)}”
= Y0k — YjYk-

Substituting (213) and (215) into (212) we then have

K

oF t;

o = -3 j {Yidik — yjur} = Yk — ti
k J=1 J

as required. In the final step we have used
K
doti=1
j=1

which follows from 1-of-K coding scheme used for the {¢; }.

(215)

(216)

217)
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Solutions 6.16—-6.18

6.16

6.17

6.18

From standard trigonometric rules we get the position of the end of the first arm,
(xﬁ”, :E(Ql)) = (L cos(#y), Ly sin(61)) .

Similarly, the position of the end of the second arm relative to the end of the first arm
is given by the corresponding equation, with an angle offset of 7 (see Figure 6.16),
which equals a change of sign

(xf), xég)) = (Lacos(fy + 0y —7), Lisin(0; + 0, — 7))
= —(Laycos(0; + 0s), Lysin(f; + 62)) .

Putting this together, we must also taken into account that 6, is measured relative to
the first arm and so we get the position of the end of the second arm relative to the
attachment point of the first arm as

(1‘1, 1‘2) = (Ll COS(91) — L2 COS(91 + 92), L1 sin(@l) — L2 sin(01 + 92)) .

The interpretation of y,,; as a posterior probability follows from Bayes’ theorem for
the probability of the component indexed by k, given observed data t, in which all
quantities are also conditioned on the input variable x. Therefore x simply appears as
a conditioning variable in the right-hand side of all quantities. From Bayes’ theorem
we have
p(t[k, x)p(k|x)
p(t[x)

where, as usual, the denominator can be expressed as a marginalization over the
terms in the numerator, so that

p(k[t,x) = (218)

p(t|x) = Zp t]l, x)p(l]x). (219)

The quantities 7 (x) defined by (6.40) satisfy (6.39) and hence meet the require-
ments to be viewed as probabilities, and so we equate p(k|x) = m(x). Simi-
larly, the class-conditional distribution p(t|k,x) is given by the Gaussian N, =
N (tn|pr(xn), 02(xy)). Substituting into (218) then gives

p(kltn, xp) = (220)

as required.

We start by using the chain rule to write

3ak (97r] 8%
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Note that because of the coupling between outputs caused by the softmax activation
function, the dependence on the activation of a single output unit involves all the
output units.

For the first factor inside the sum on the r.h.s. of (221), standard derivatives applied
to the n*® term of (6.43) gives

8En _ Nnj . _M
o, S TN j

(222)

For the for the second factor, we have from (5.78) that

or;
Wé = mj(Ljx — 7). (223)
Combining (221), (222) and (223), we get
K

ok, Ynj
i = 2 k)

Jj=1

K K
= =Y Wik — k) = =Yk + D VniTh = Tk — Ynks
j=1 j=1

where we have used the fact that, by (6.44), Z]K:1 Ynj = 1 for all n.

6.19 Note: see Solution 6.18.
From (6.42) we have
Ay = [

and thus
oF,, oF,,

dalyy — Ot
From (3.26), (6.43) and (6.44), we get

OE, _ TeNnk  tnl — Mk
Okt Zk/ T Noker U]%(Xn>
Mt — tni

t .
’Ynk:( n|xn) U,%(Xn)

6.20 From (6.41) and (6.43), we see that

0E, O0E, %
dag  Ooy, daf’

(224)

where, from (6.41),
80’k

dor _ - 22
Ja ok (225)
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From (3.26), (6.43) and (6.44), we get

OE, 1 L\"? L [0 — g2
0ok Yo Ny \ 27 oL+t 203
ltn — uk||2) [t — Nk|2}

1
+07 P < 202 o}

L t, — 2
N )

O UI?;

Combining this with (224) and (225), we get

OFE, t, — 2
:W<L_|| ukn).

o 2
daf o

6.21 From (3.42) and (6.38) we have

Eft|x] = tp (t|x) dt

K
£ m(x)N (bl (x), 07 (x)) dt

k=1

Wk(X)/tN (t]pp(x), 0% (x)) dt

I
M = =

I
] >

7k (%) g, (%)

Bl
Il
—

‘We now introduce the shorthand notation

K
tp = pp(x) and t= Zwk(x)fk.
k=1



Solution 6.21
Using this together with (3.42), (3.46), (6.38) and (6.48), we get
s*(x) = E[llt —E[t)x]|*|x] = / [t —t|°p (t]x) dt

_ / (tTt N —|—fo> f:ﬂ'k./\/ (t|pp,(x), 07 (x)) dt

k=1

=

= 3 mx) {az I P e S L ETE}

k=1
2}

(%) {ok + [[Er — |7}

7 (X) {0,2c +

= [0~

K
By (x) — Z Ty (%)
l

b
Il

71
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Solutions 7.1-7.2

Chapter 7

Gradient Descent

71

7.2

Substituting (7.10) into (7.7) we obtain

E(w)=E(w")+ % (Z aiu;r> H Zajuj

Making use of (7.8) then gives

1
E(W) = E(W*) + 5 <Z Oéﬂl?) Z)\jajuj
i J
Now making use of (7.9) we have
N 1
E(W) = E(W ) + 5 ZO@ Z/\j&j(sij

i J

* 1 2

= B(w") + 3 Z Aia? (226)

as required.
From (7.8) and (7.10) we have
u;rHui = uiT)\iui = )\z

Assume that H is positive definite, so that (7.12) holds. Then by setting v = u, it
follows that

A = uiTHui >0
for all values of i. Thus, if H is positive definite, all of its eigenvalues will be
positive.
Conversely, assume that () holds. Then, for any vector, v, we can make use of (7.13)
to give

vIiHv

T
(Z ciu¢> H Z c;jua;
( J

T
(Z ciui> Z/\jlelj
J

Z/\chZ >0

where we have used (7.8) and (7.9) along with (). Thus, if all of the eigenvalues are
positive, the Hessian matrix will be positive definite.
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Solutions 7.3-7.4 73

From (7.12) we see that, if H is positive definite, then the second term in (7.7) will
be positive whenever (w — w*) is non-zero. Thus the smallest value which E(w)
can take is E(w™), and so w* is the minimum of F(w). Conversely, if w* is the
minimum of E(w), then, for any vector w # w*, E(w) > E(w*). This will only
be the case if the second term of (7.7) is positive for all values of w # w* (since
the first term is independent of w). Since w — w™* can be set to any vector of real
numbers, it follows from the definition (7.12) that H must be positive definite.

The first derivatives of the error function are given by

% = Zn:(yn ~ tn)en (227)
%f = an(yn ~tn) (228)
where y,, = y(z,, w, b). The second derivatives are then given by
gjﬁ => 1 (229)
a;f = Z 1=N (231)

where 7 is the sample mean defined by
1

The Hessian matrix is given by

OE  0F
| e wwow | _ [ D_wl Nz
2 2 n
OE  O°E e N
duwdb a2

Note that the Hessian does not depend on the target values for this simple model,
nor does it depend on the model parameters. It is a function only of the input data
variables. The trace and determinant of the Hessian are given by

TTH=>) a}+N (232)

n

detH =N a2 — (N7)* = N0 (233)
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where o is the sample variance defined by

1 _
= Nzn:(%_

We see that the trace and the determinant are positive. Since the determinant is the
product of the two eigenvalues of the Hessian it follows that either both eigenvalues
are positive or they are both negative. Since the trace is the sum of the eigenvalues,
and the trace is also positive, it follows that both eigenvalues must be positive and so
the Hessian must be positive definite. Here we ignore the degenerate case where the
number of data points is one or where all the data points are the same.

7.5 Note that the original printing of the book there is a minus sign missing from the
right-hand side of (7.64). We first note that the derivative of the logistic sigmoid
function is given by (5.18). Using this result, the first derivatives of the error function
are given by

aiE _ tn 1-tn (1—1y,)
OE tn  1—t,
a. — - - T n 1-— n
ob {yn I —yn } b bin)
= Z Yn — tn) (235)
where y,, = y(z,,w, b). The second derivatives are then given by
0*E
i Z un(1 =y, (236)
2E
dwdb abaw Z (1 =n) (237
W Z Yn (1= Yn)- (238)
The Hessian matrix is given by
PFE  9’E
H=— ow?  Obow
PE  O*E
Owdb b2
Zyn (1= yn)z;, Zyn(l — Yn)Tn
= n . (239)

Zyn yn n Zyn<1_yn)
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Note that the Hessian does not depend on the target values for this simple model,
but it is a function of the model parameters w and b, corresponding to the fact that
the error function is non-quadratic. Since the logistic sigmoid function satisfies 0 <
o() < 1 we see that y,(1 — y,) is always a positive quantity. We therefore see
that the elements of the leading diagonal of the Hessian are given by the sum of
positive terms and are therefore themselves positive. Thus the trace of the Hessian
is positive. Note that we ignore the degenerate case where all of the data points
are identical, leading to a trace of zero, since this is of no practical interest. For the
determinant we first define ¢,, = y,,(1—y,,) in order to keep the notation uncluttered.

We then have
2
detH = (Z cm:i) (Z cn> — (Z cna:n)

_ (Z cn) R (ch) . (240)

Thus the determinant comprises the sum of terms each of which is positive and hence
is itself positive, and hence both the trace and the determinant are positive. Since the
determinant is the product of the two eigenvalues of the Hessian it follows that either
both eigenvalues are positive or they are both negative. Since the trace is the sum of
the eigenvalues, and the trace is also positive, it follows that both eigenvalues must
be positive and so the Hessian must be positive definite.

We start by making the change of variable given by (7.10) which allows the error
function to be written in the form (7.11). Setting the value of the error function
E(w) to a constant value C' we obtain

* 1 2
E(w )+§Z)\iai =C.

Re-arranging gives
C

> Xia} =2C - 2B(w*)

where C is also a constant. This is the equation for an ellipse whose axes are aligned
with the coordinates described by the variables {«;}. The length of axis j is found
by setting o; = 0 for all « # j, and solving for a; giving

which is inversely proportional to the square root of the corresponding eigenvalue.
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7.7

7.8

7.9

A W x W matrix has W? elements. If it is symmetric then the elements not on the
leading diagonal form pairs of equal value. There are W elements on the diagonal
so the number of elements not on the diagonal is W2 — W and only half of these are
independent giving
w2 —-Ww
2
as the number of independent of-diagonal elements. If we now add back the W
elements on the diagonal we get
W2 —-w W(W +1)

W:
2 + 2

Finally, we add the W elements of the gradient vector b to give

W(W+1)+W— WW4+1)+2W  W?4+3W  W(W +3)

2 2 2 2

From the property (2.52) of the Gaussian distribution we have, for a single data point,
E[z,] = u.
Two independent data points will be uncorrelated and hence
Elz, 2] = Bz, Bz, = p? if n#m.
Therefore, using (2.53) it follows that
E[znZm] = Spmo? + 2.
Using the definition (7.65) of T we have

Ez] = p
| NN
E[7?) = e > Elzan]
n=1m=1
1
= NO'Z + u2.

Hence

E[@ — n)*] = E[Z* — 2T+ 1”]

L, 2 2 2_ 0
= — _2 __70
o"+pu W+ N

Note that in the original printing, the left-hand side of (7.20) should be var[agl)]
O]

i

instead of var[zj(.l)]. The expectation over a; ’ involves averaging over both the dis-

tribution of w;; and the distribution of zj(»l*l). For a given value of zj(.lfl) the quantity
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—1 . . .
: ) has zero mean since we are assuming that the weights w;; are drawn from
a zero-mean Gaussian A (0, €?). Since this is true for every value of j in the summa-
tion we have

U
Wij 2

Ela{"] = 0. (241)

To find the variance of al(-l) we note that the quantity agl) comprises the sum of
M terms which are themselves independent random variables, and we know from
(2.121) that the total variance of a sum of independent variables is the sum of the
variances of the individual variables. Hence we have
1 -1

l(. )} = Mvar[wijzj(» )]

= MEw’Z[(wijZ]('l_l))Q] - MEw7z[wiij(<l_1)]2

1—
= ME,,.[(wi;z V)]
-1
= MEy[(wy)’] E.[(2§ )]

var[a

. -1 . .
since Ew’z[wijzj( )] = 0 as discussed above. Because the weights w;; are drawn

from a Gaussian (0, €?) we have E[(w;;)?] = €2. To find ]E[(zj(l*l))?} we note that

zj(-l_l) = ReLU(aEl_l))
and therefore
(,zj(»lfl))2 = ReLU(aElil))?

When we take the square of the ReLLU, the result will be zero if the argument is less
zero or negative, and will be the square of the argument if the argument is positive.
The quantity agl_l) will have a symmetric distribution about 0 since, for every value
of 2;171)’ the product w;; zj(-lfl) will have a symmetric Gaussian distribution, and so
the overall distribution is the sum of symmetric distributions and is therefore itself
symmetric. Thus, when we take the expectation of the ReLU of this quantity, half
the terms will contribute zero and half the terms will contribute the square of the
argument and hence

E[(2'"")?] = E[(ReLU(a' " "))?]
1

— SE[(a )]
1 -
— Svar{(af' )
1
= -)\2
2
where we have used the property that aglfl) has zero mean. Combining these results
gives
M
Var[agl)] = —e2\?

2
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7.10

7.11

as required. Finally, if the variance of agl) is also to equal \? then

M
762/\2:)\2

from which it follows that ¢ must be chosen to have the value
€=14/—. (242)

Taking the gradient of (7.7) we obtain
VE =H(w — w"). (243)

Substituting for (w — w*) using (7.10) then gives

VE=H (Z aiui> . (244)
Making use of (7.8) we have

VE =) aihu,. (245)

If we consider a change Acy; in the coefficients «; then the corresponding change in
w is obtained by taking finite differences of (7.10) to give

Aw = Z Aa,u;. (246)
Next, using (7.16) we have
Aw = —nVE. (247)
Substituting on both sides then gives
Z AO{Z‘UZ‘ =" Z ai)\iui. (248)

If we multiply both sides by u]T and make use of the orthonormality relation (7.9)
we finally obtain
AO[j = —naj)\j (249)

as required.

For small values of i we can make a Taylor expansion of the first term on the right-
hand side of (7.34) in powers of i to give

AW = —pVE (wV) —puVVE (w™ D) Aw™2 4 O(1?)
+ pAwT2),
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If we now assume that n = O(e) and ;o = O(e), then we can neglect higher-order
terms in the Taylor expansion and also omit the term with coefficient nu since that is
O(€?). Here we have assumed that the error surface is slowly varying and hence that
the Hessian term VV E is O(1). We then obtain the standard formula for gradient
descent with momentum defined by (7.31).

If we apply (7.66) recursively we obtain

i = Bitn—1 + (1 = B)xy
=B (Bun—2+ (1 = B)zn—1) + (1 = Blzn
= Bpin—2+ (1= Blan_1+ (1 — Bz,
= 63/%—3 + 52(1 = B)n—2+ B = B)rn_1+ (1 - Bz,

= B0+ _ B = B)rn ki1
k=1

We now set pp = 0, and then take the expectation of both sides with respect to
the distribution of x, noting that the {x,,} are independent, identically distributed
samples from this distribution. This gives

n

Elpn] = > 85 (1 = B)B[zp k1]

k=1
S
k=1

where 7 is the true mean of the distribution of z. Making use of the result (7.67) we
can write this as

Elta] = (1 - ™)z

Thus we see that E[u,,] # T and hence that the estimate i, is biased. This bias is
easily corrected by using the estimator

~ Hn

fin =1 Gn (250)
which has the property E[u,,] = T and is therefore unbiased.
Setting the derivative of (7.69) with respect to A equal to zero we have
ﬁE(w“) +Ad) = 0. (251)
oA

To evaluate this derivative we can use the chain rule of calculus. Define

v=w 4+ \d. (252)
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Solution 7.14

7.14

Then we have

B M. ov; OF
aTE ; O\ Ov;
M
- Z diaj
X 81)2‘
1=1
—d"VE (253)

where {d;} are the components of d. This derivative vanishes for a particular value
A* which then defines the new location in weight space

w(™t = w() 4 A*d. (254)
We therefore have
d"VEwW™ + 3*d) = d"VEw ) =0 (255)

and hence the gradient of the error function at the line-search minimum is orthogonal
to the search direction.

Summing both sides of (7.50) over n to compute the sample mean we have

1 Y 1 (Y
~ D _Tni= v ni — Npi | = 2
N3 = s (D) o aso

where we have used (7.48). Similarly, if we consider the sample variance

1 1 Y
N2 @i =0 = g Y (i — ) =1 (257)
n=1 1

n=1

where we have made use of (256) together with (7.49).
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Backpropagation

8.1

8.2

From (8.12) we have

OF,, Oay
Z Fax Do, (258)

aa]
which follows from the chain rule of probability. Then (8.8) gives

oE,
6ak ’

5 = (259)

Again using the chain rule we have

Oay _ Dag 02
8a]~ o 82]' 8aj
w 6zj

= Wy —=
]8aj

= wkjh’(aj) (260)

where we have used (8.5) and (8.6). Substituting these results into (258) we obtain

= h'(aj) ) wi;dk (261)
k

as required.

The forward propagation equations in matrix notation are given by (6.19) in the form
7z — O (W(l)z(lfl)) (262)

where W) is a matrix with elements w;lk) comprising the weights in layer [ of

the network, and the activation function 2()(-) acts on each element of its vector

argument independently. If we define 5 to be the errors vector with elements 0js
then the backpropagation equations in matrix notation take the form

SI=1 _ p-1y (atv) o {(Wl 2) 5(1)} (263)

where © denotes the Hadamard product which comprises the element-wise multi-
plication of two vectors. Note that the forward propagation equation (8.5) involves
a summation over the second index of w;; whereas the backpropagation equation
(8.13) involves a summation over the first index. Hence when we write the back-
propagation equation in matrix notation it involves the transpose of the matrix that
appears in the forward propagation equation.
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8.3

8.4

8.5

We are interested in determining how the correction term
E(wij +€) — E(wij — €)
2¢

depend on e. Using Taylor expansions, we can rewrite the numerator of the first term
of (264) as

0 = E'(wy;) —

(264)

2
E(ww) + eE’(wij) + %E”(wij) + 0(63)
2
— E(w;;) + eE'(w;;) — %E”(wij) + O(€) = 2eE' (w;;) + O(€).

Note that the €2 terms cancel. Substituting this into (264) we get,

N QEE/(U)Z‘]‘) + 0(63)
N 2¢

) — E'(w;j) = O(e?). (265)

If we introduce skip layer weights, U, into the model described in Section 8.1.3, this
will only affect the last of the forward propagation equations, (8.20), which becomes

M D
Y= > Wiz Y uki. (266)
j=0 i=1

Note that there is no need to include the input bias. The derivative w.r.t. ug; can be
expressed using the output {d; } of (8.21),

- = G, (267)

The alternative forward propagation scheme takes the first line of (8.29) as its starting
point. However, rather than proceeding with a ‘recursive’ definition of dy;,/0a;, we
instead make use of a corresponding definition for da;/0x,;. More formally

0w _ 0w 0
sz - 8331 N ; aaj axi (268)

where Oyy,/0a; is defined by (8.33) for logistic sigmoid output units, (8.34) for
softmax output units, or simply as dj, for the case of linear output units. We define
daj/0x; = wj; if a; is in the first hidden layer and otherwise

6aj 8aj 0al
— it} 2
ox; zl: Oa; Ox; (269)
where 5
Y
—aajl = wﬂh/(al). (270)

Thus we can evaluate Ji; by forward propagating da,;/Ox;, with initial value w;;,
alongside a;, using (269) and (270).
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8.6 Using the chain rule together with (8.5) and (8.77), we have

0E,  0E, Oay
ﬁw,fj) Jay, ('9w,(€2j)
= 0rzj. (271)
Thus,
O°FE 00z,
- b 272)
8wk] 8wk,, 8wk,j,
and since z; is independent of the second layer weights,
0’E B Joy,
2) (2) o (2)
8wk ; (9w 8w
82 n aak

7 P .
J 2
Day, Day: o3,
= Zijerk/,

where we again have used the chain rule together with (8.5) and (8.77). If both
weights are in the first layer, we again used the chain rule, this time together with
(8.5), (8.12) and (8.13), to get

0E, 0B, Oaj
[ . (1)
ow; 9a; ouws;
8En aak
; Bak aaj
= ;W (ay) D w)o.
k
Thus we have
O*E,, d , @)
ow ol Owyi (“h (@) w3 | @73)

Now we note that z; and wk ) do not depend on w(/z)/, while h'(a;) is only affected

in the case where j = j'. Using these observations together with (8.5), we get
0*E.

o)
OO zixy b (aj) I E w,(fj)ék + z;h' (a;) E w,(fj) (kl) . (274)
8w.72 awj,i, k k j/’i/

From (8.5), (8.12), (8.13), (8.77) and the chain rule, we have

00y, Z 0’E, Oap Oa;
31%(}1)/ Oay, Oayr Oajr 8w(1)

= xyh'(a, Zwkrj/Mkk’- (275)
k/
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8.7

Substituting this back into (274), we obtain (??). Finally, from (271) we have

OE, 96z

ow 0w, owl)

(276)

Using (275), we get

0’E,,

__Z 7 Z-/l"h/(a') w(Q,)»Mkk/ + i1 "h/(a')x'
OPWe b (a5) D wi S
Ow; ;" Owy k!

;b (aj) <5k1jj/ + Zwﬁ;Mkk,> .
k/

If we introduce skip layer weights into the model discussed in Section ??, three new
cases are added to three already covered in Exercise 8.6. The first derivative w.r.t.
skip layer weight wug; can be written

0FE, OF, Oay 0E,
= = 277
au;ﬂ- 8ak a’u,]” 80,1C v ( )

Using this, we can consider the first new case, where both weights are in the skip
layer,

82En o 82En aak/
8um~ 8umr 0ak 8ak/ auw
= Mpzizy,

where we have also used (8.77). When one weight is in the skip layer and the other
weight is in the hidden-to-output layer, we can use (277), (8.5) and (8.77) to get

82En 52En 8ak/
= x
Oug; 8w,i2/J) Oay, Oay aw,(ﬁ]) '
= Mkk/ZjJ}i.

Finally, if one weight is a skip layer weight and the other is in the input-to-hidden
layer, (277), (8.5), (8.12), (8.13) and (8.77) together give

PE, 0 (aEnx)
8uk18wﬂ, 8w(1) Oday, !

Jv
- Z 8 E aak/
N Oay, Oay aw(l) i

= xixi/h aj E Mkk/wk,;.
k/
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The multivariate form of (8.38) is

1 N
=3 > (¥n —ty,). (278)

n=1

The elements of the first and second derivatives then become

OF 70yYn
— ”—tn 2
5o, n§:1(y )" 5 (279)
and N
82E ayn T ayn T 82yn
= n—t,)T—2 2
8wi8wj Z {8111] 8101' + (y ) 8wj 87.01‘ } ( 80)

As for the univariate case, we again assume that the second term of the second deriva-
tive vanishes and we are left with

N
H=) B,B,, (281)

where B, is a W x K matrix, K being the dimensionality of y,,, with elements

_ aynk
Bn)y, = T (282)

Taking the second derivatives of (8.78) with respect to two weights w, and ws we

obtain
Oy Oyi
8w,0ws Z/ {610,, 8w5} (x) dx

+ ;/ {M?%(yk(x) —E;, [tk|XD}p(X) dx. (283)

Using the result (4.37) that the outputs yx(x) of the trained network represent the
conditional averages of the target data, we see that the second term in (283) vanishes.
The Hessian is therefore given by an integral of terms involving only the products of
first derivatives. For a finite data set, we can write this result in the form

1 Ay Ay,
awTﬁws o Z Z ow, Owg (284)

which is identical with (8.40) up to a scaling factor.

If we take the gradient of (6.33) with respect to w, we obtain

N
E<W) = givan - Z(yn - tn)vana

n=1
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8.11

8.12

where we have used the result proved earlier in the solution to Exercise 6.14. Taking
the second derivatives we have

VVE(w) = Z {gzn Va,Vay + (Yn — tn)VVan} )

n=1

Dropping the last term and using the result (5.72) for the derivative of the logistic
sigmoid function, proved in the solution to Exercise 5.18, we finally get

N
VVE(w Z Yn(1 —yn)Va,Va, = Z Yn(1 — yn)b, b,

n=1
where b,, = Va,,.

Using the chain rule, we can write the first derivative of (6.36) as

N K
OF OF Oanp
= . 285
ow; nz::l kz:; Oany Ow; (285)
From Exercise 6.15, we know that
oE
= Ynk — tnk. (286)
8ank

Using this and (5.78), we can get the derivative of (285) w.r.t. w; as

6ank 8anl 0? Ank
n I n nK TL
Gwzf)w] ZZ(Zﬂ et =ynt) 5" Gy, T Wk = k) g5 8w]>

n=1 k=1

For a trained model, the network outputs will approximate the conditional class prob-
abilities and so the last term inside the parenthesis will vanish in the limit of a large
data set, leaving us with

Y EE 8(1 da
nk nl
H); =Y > > yoreTa — y) Dwi dw,” (287)

n=1k=1 I=1

Suppose we have already obtained the inverse Hessian using the first L data points.
By separating off the contribution from data point L + 1 in (8.40), we obtain

Hy.1 =H, + Var1Va ;. (288)

We now consider the matrix identity (8.80). If we now identify Hy with M and
b1 with v, we obtain

~1 T ~1
H; Var1Vay  Hj

H! =H!'- ) 289
b 14+ Vel Hy 'Var (259
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In this way, data points are sequentially absorbed until L+1 = N and the whole data
set has been processed. This result therefore represents a procedure for evaluating
the inverse of the Hessian using a single pass through the data set. The initial matrix
H, is chosen to be al, where « is a small quantity, so that the algorithm actually
finds the inverse of H 4 «I. The results are not particularly sensitive to the precise
value of a.

The function A(-) is given by a soft ReLU

h(a) = In(1 + exp(a)) (290)
and its derivative is given by
, exp(a)
=7 291
fila) 1+ exp(a) @91

‘We can now use the chain rule of calculus in the form

dy dy dz
= . 292
dw, dz dw, (292)
Using (8.44) and (291) we have
dz exp(wiz + by)
= 2
dw; 1+ exp(wix + by) (293)
Similarly, using (8.45) and (291) we have
d b
dy _explwpztby) (294)

dz 14 exp(wpz + bo)

Finally, combining these derivatives using the chain rule, and then substituting for z
using (8.44 ), we obtain

oy wax exp (w1 + by + be + wo In[1 + exp(wyx + by)]) (295
Ow; (14 exp(wiz +b1)) (1 + exp(be + wo In[1 + exp(wix + b1)]))’

The evaluation trace equations are given directly from the definition of the logistic
map

Li=x (296)
Ly =4L(1 - Ly) (297)
Ls =4Ly(1 — L) (298)
Ly =4Ls(1 — Ly). (299)

(300)
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8.15

The corresponding explicit functions, without simplification, are then given by

Li(z)==x

Ly(z) = 4z(1 — x)

Li(z) = 162(1 — z)(1 — 2x)

Ly(z) = 64z(1 — z)(1 — 22)*(1 — 8z + 82?)?

(301)
(302)
(303)
(304)

Finally, taking derivatives, we obtain the following expressions, again without sim-

plification
Li(z) =1
Liy(z) =4(1 — x) — 4x
Liy(x) =16(1 — 2)(1 — 22)? — 162(1 — 27)* — 64z(1 — z)(1 — 27)
Ly(z) =128z(1 — z) (=8 + 162)(1 — 2z)*(1 — 8z + 8z?)

+64(1 — 2)(1 — 22)*(1 — 8z + 822)?
— 642(1 — 22)%(1 — 8z + 8z%)?
—256x(1 — x)(1 — 22)(1 — 8z + 827)%.

(305)
(306)
(307)

(308)

Note that the complexity of the expressions for the derivatives grows much faster

than the complexity of the expressions for the corresponding functions.
To derive the forward-mode equations we apply (8.57) in the form

Zw

J€Epa(i)

where pa(i) denotes parents of the node 7 in the evaluation trace diagram. Using the
evaluation trace diagram in Figure 8.4, together with (8.50) to (8.56), we then have

v =1
Uy =0
. 8’03 . 81) . .
U3 = 'Ulai + Vo 7— Jon = v1V2 + VU1
V1 2
0vy
Uy = Uga = ¥g cos(v2)
Vg
U5 = ’Uga = vz exp(v3)
V3
ov ov
UG—’I.}g 6+’i)476:1.)3—1.)4
81)3 81)4
) vy ov . .
1}7—’058 +U6a7—U5+U6.
Ve

(309)
(310)

311)
(312)
(313)
(314)

(315)
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8.16 To derive the reverse-mode equations we apply (8.69) in the form

=Y 7, 2% (316)

jech(i) 9v;

Here ch(7) denotes the children of node ¢ in the evaluation trace graph. Using the
evaluation trace diagram in Figure 8.4, together with (8.50) to (8.56), and starting at
the output of the graph and working backwards we then have

vy =1 (317)
ov
Te :@78—”7 =y (318)
6
0
T = @78—57 - T, (319)
5
Ty = vﬁgzz — T (320)
By = 5 2% 156 2% _ i 456 (321)
81)3 81)3
ov ov
Vg = @3871)3 + @4871);1 = V3V1 + Uy COS(?)Q) (322)
0
v = @3£ = @3’[)2. (323)
31)1

8.17 From (8.49) we have the following expression for the partial derivative

0
axfl = X9 + Ty exp(z122). (324)
Evaluating this for (z125) = (1, 2) gives

af

=24 2exp(2). 325
al‘l $1:1,$2:2 p( ) ( )

From the evaluation trace equations (8.50) to (8.56) we have

vy =1 (326)
vy =2 (327)
vy =2 (328)
vy = sin(2) (329)
vs = exp(2) (330)
vg = 2 — sin(2) (331)

v7 = 2 + exp(2) — sin(2). (332)
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For the tangent variables we can then use (8.58) to (8.64) to give

v =1
Vg =0
Vg =2
vy =0

05 = 2exp(2)
g = 2
U7 =2+ 2exp(2)

(333)
(334)
(335)
(336)
(337)
(338)
(339)

and so we see that v7 does indeed represent the correct value for the derivative given
by (325). Similarly, we can use the evaluation trace equations of reverse-mode auto-
matic differentiation (8.70) to (8.76) to evaluate the adjoint variables as follows

v =1 (340)
Tg =1 (341)
vs = 1 (342)
Ty = —1 (343)
73 = exp(2) + 1 (344)
Uy = (exp(2) + 1) — cos(2) (345)
U1 = 2exp(2) + 2. (346)
From (8.68) we have
of
vy = —— 347
U1 D (347)
and so again we see that this agrees with the required derivative.
8.18 The vectors ey, ..., ep form a complete orthonormal basis and so we can expand an
arbitrary D-dimensional vector r in the form
D
r=> ae;. (348)
i=1
Taking the product of both sides with e;-f we obtain
rj=e;r=a, (349)

where 7; is the jth component of r. Hence we can write the expansion in the form

D
r = E Ti€;.
i=1

(350)
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Multiplying both sides by the Jacobian then gives

= O of
Jr= ;riJei = ;”a?i (351)
where f(x) is the original network function with elements fj(x). This can be in-
terpreted as a single pass of forward-mode automatic differentiation in which the
tangent variables associated with the input variables are given by &; = ;.

One way to see this more clearly is to introduce a function g(z) where z is a scalar
variable and the elements of g are given by g;(z) = r;z. From the perspective of
a network diagram this can be viewed as introducing an extra layer from a single
input z to the original inputs {x;}. The overall composite function can be written
as f(g(z)), which is now a function with just one input whose Jacobian is therefore
a matrix with a single column which can therefore be evaluated in a single pass of
forward-mode automatic differentiation. The elements of this vector are given by

D

Ofc R Ofidzi
. = Z o i Z Jriri = (Jr), (352)

=1 =1

and are therefore the elements of the Jacobian-vector product as required. The tan-
gent variables at the inputs to the main network are then given by

. ox;

g = 0% (353)
0z

Thus, we see that if the tangent variable x; for each input i is set to the corresponding

element r; of r, then a single pass of forward-mode automatic differentiation will

compute the Jacobian-vector product as required.
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Solutions 9.1-9.2

Chapter 9 Regularization

9.1 We will start by showing that the group of rotations by multiples of 90° forms a
group:

* Closure: Suppose A represents a rotation of a® and B represents a rotation of

b°, and both a and b are multiples of 90, making .4 and BB both members of the
set. A o B therefore represents a rotation by a + b which is also a multiple of
90, making this new rotation also a member of the set.

Associativity: Now suppose we have three rotations, A, B and C, which rep-
resent rotations of a, b and c degrees respectively, again each a multiple of 90.
Now we can see that both (LA o B) o C and A o (B o C) correspond to rotations
of (a + b+ ¢)°, making the set associative under composition of rotations.

Identity: A rotation of 0° is in the set and also leaves other rotations unchanged
when composed with them.

Inverse: If we take an element A in the set which again represents a rotation
of a°, then it’s inverse .A~! will be a rotation by 360 — a, meaning A o AL
will give a rotation of 360° which is the same as a rotation by 0° which is the
identity.

By showing that these four axioms are satisfied, we have shown that this is indeed
a group. Now we will do the same for the group of translations of an object in a
two-dimensional plane.

Closure: Suppose A represents a translation of a, in z and a, in y, and B
represents a translation of b, in = and b, in y. A o B therefore represents a
translation by a, + b, in x and a, + b, in y which is also a translation in a 2D
plane.

Associativity: Now suppose we have three translations, A, B and C, which
represent translations of a,, b, and ¢, in x respectively, and a,, b, and ¢, in y.
Now we can see that both (Ao B)oC and Ao (BoC) correspond to translations
of a; + by + ¢z inz and ay + by, + ¢, in y.

Identity: The composition of a translation of 0 in both dimensions with any
other translation will leave the latter unchanged and therefore the translation of
0 in both dimensions is the identity for this group.

Inverse: If we take an element .4 in the set which again represents a translation
of a; in  and a,, in y, we can see that composing this with a translation of —a,
in x and —a, in y gives us a translation of 0 in both dimensions which means
this negative translation is the inverse of A
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9.2 Let

D
Yn = Wo + Z wi(xni + eni)

=1

D
1=1

where y,, = y(z,, w) and €,,; ~ N'(0, o) and we have used (9.52). From (9.53) we

then define
1 N
= 2
E =3 E:{ n—tn}
1 N
= 5 E { 2ynt +t2}
n=1

M) =

1
2

D 2
y + 2yn Z W;i€n; + <Z wﬁm’)
=1

n=1

—2tnyn — 2ty Z Wi€n; + 2

=1

If we take the expectation of E under the distribution of €ni, We see that the second
and fifth terms disappear, since E[e,,;] = 0, while for the third term we get

D 2 D
E Wi€ni = E ’11)1-20'2
i=1 =1

since the ¢,,; are all independent with variance o2.
From this and (9.53) we see that

E [E} =FEp+ ;§w302
as required.
9.3 We first write the gradient descent formula in terms of continuous time ¢ in the form
w(t+e) =w(t) —enVQ(w) (354)

where € represents some finite time step and we have defined 7 = 7n/e. We now
make a Taylor expansion of the left-hand side in powers of € to give

dw (¥)

w(t) + &

e+ O(e) = w(t) — enVQw). (355)
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9.4

We now take the limit ¢ — 0 to give

dw(t) ~

= Q(w). 356
T nVa(w) (356)
Next we substitute for 2(w) using
1
Qw) = —§WTW (357)
to give
dw(t) ~
T —NW. (358)
This has the solution
w(t) = w(0)exp {7t} (359)

as can easily be verified by substitution. Thus, the elements of w decay exponentially
to zero.

With the transformed inputs, weights and biases, (9.6) becomes
zj = h (Z 17}]'1'51' + 17)]‘0) .
Using (9.8)—(9.10), we can rewrite the argument of A(-) on the r.h.s. as
1 b
Z 511)]‘1‘(@.1‘2’ + b) + wjo — E Z Wy;
ijil'i + ézwﬂ + wjo — ézwﬂ
- a = a “—

= Z Wj;Ti + Wjo-
7

Similarly, with the transformed outputs, weights and biases, (9.7) becomes
Z/k = Zﬂ}kaj‘ + Wio-
i
Using (9.11)—(9.13), we can rewrite this as

cyr +d = chijj + cwgo + d
k

c (Z W25 + wk0> +d.

By subtracting d and subsequently dividing by c on both sides, we recover (9.7) in
its original form.
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9.5

9.6

Solutions 9.5-9.6 95

We can rewrite the constraint (9.20) in the form
M
> fwl? —n <o0. (360)
j=1

This constraint can be enforced by adding a term to the un-regularized error F(w)
using a Lagrange multiplier, which we denote \/2, to give

A M
E(w)+ 5 > Jwilt=n] . (361)
j=1

Since the term A\7/2 is constant with respect to w, minimizing (361) is equivalent to
minimizing

A M
E(w)+ 3 > ;. (362)
j=1

If the constraint is active then A # 0 and hence

M
> fwilt=n. (363)
j=1

The strength of the regularization increases as A increases, driving weights to smaller
values. Similarly, the strength of the constraint increases as 7 decreases, again driv-
ing weights to smaller values. However, the precise relationship between A and 7
depends on the form of E(w).

The gradient of (9.56) is given
VE =H(w — w")
and hence update formula (9.57) becomes

w(™ =w(™ ) — pH(wW) — w*).
Pre-multiplying both sides with u;.f we get

w](-T) — u;-FW(T) (364)
= u}ﬂw(Tfl) — pu;rH(w(Tfl) —w")
—1
= w7~ ppul(w - w)

0w, (365)

_ (r—1)

where we have used (9.59). To show that

wy? = {1— (1= pny)Thwj
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9.7

for 7 = 1,2, ..., we can use proof by induction. For 7 = 1, we recall that w(®) = 0
and insert this into (365), giving

1 0 0
wi = w® pm(w“ wj)

= P77]
{1 =1 —pny)}wj.

Now we assume that the result holds for 7 = N — 1 and then make use of (365)

g
|

N N—-1 N—
P = =y — )

N—-1

WiV (1= pny) + o]

= {1— @ —py)" "y wi (1~ pny) + pnju;

{@—pnj) = (1= pnp)™ } wy + pnjw;

= {1-0-p)"}w;
as required. Provided that |1—pn;| < 1 then we have (1—pn;)” — 0as 7 — oo, and
hence {1 — (1 —pn;)V¥} — 1 and w(™ — w*. If 7 is finite but n; > (p7)~%, 7
must still be large, since ;o7 > 1, even though |1—pn;| < 1. If 7 is large, it follows
from the argument above that w§T) ~ wj* If, on the other hand, n; < (pT)_l, this

means that pn; must be small, since pn;7 < 1 and 7 is an integer greater than or
equal to one. If we expand,
(1= pn;)" =1 —7pn; + O(pn;)

and insert this into (9.58), we get

W] = {1 (1 — py)" ]
= [{1- Q1 —=7pn; +O0(pm3)) } wj|
~  Tpnjlwi] < W}

Suppose that a set of weights wy, ..., wg are shared so that w; = we = ... =
wg = A. We can compute the derlvatlve of the error function with respect to A using
the chain rule of calculus

OF ow;
Z Ow; OA Z [9w1 (366)
where we have used 5
w; o
= 1. (367)

Hence, first run the standard backpropagation algorithm (or automatic differentia-
tion) to evaluate the individual gradients OE /0w, for all weights. Then, for every
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9.9
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group of weights in a network that are shared, sum up the gradients over all of those
weights and the use this combined gradient to update the weights in that group. Note
that, as long as the weights in each group are initialized to the same value, this will
ensure that they remain equal after the update.

From the formula

Zm (wlpz,02) (368)

we can identify the following probabilities

p(j) = (369)
p(wlj) = N(wlp;, 03). (370)

Hence from Bayes’ theorem we have

o pGp(wly)  mN(wlpy, o)
PUM) =)~ oy meN wli, o)

(371)

This is easily verified by taking the derivative of (9.22), using (2.49) and standard
derivatives, yielding

o0 2 (wz — Nj)
Sy (wilps, 05)——=—
awi Zk WkN wz|,uk> Jk ; 7TJ |:u’j UJ) 02

Combining this with (9.23) and (9.24), we immediately obtain the second term of
(9.25).

Since the p;s only appear in the regularization term, 2(w), from (9.23) we have

9E 00

— . (372)
I Opy

Using (3.25), (9.22) and (9.24) and standard rules for differentiation, we can calcu-
late the derivative of Q(w) as follows:

o0 1 Wy — by
o = X N (il 0f) ==
K i Zj/ 7Tj/N (wi|,uj/,0j,) J

Wi —
= _ZVJ(WZ') 202 z.
'3 J

Combining this with (372), we get (9.26).
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9.11 Following the same line of argument as in Solution 9.10, we need the derivative of
Q(w) w.rt. 0;. Again using (3.25), (9.22) and (9.24) and standard rules for differ-
entiation, we find this to be

o 1 1 { 1 (wi - ,uj)2
- = _ s ——exp | ———57%
8aj ; Zj’ ﬂj/N wi‘ﬂj/, sz/) J (27‘1’)1/2 a? ( 20]2

+Ulj exp (_ (wi2—0§01‘)2> (w; ;?Mj)2 }
= Z’Yj(wi) {1 - 7(% — 1)’ } .

Combining this with (372), we get (9.28).
9.12 From the definition (9.30) we have

exp(1k)
= . (373)
> exp(m)
Taking the derivative then gives
om, _ exp(n) exp (1)
T = 0k~ = exp(n;)
O Sexp(m) 7" (X, exp(m))? ’
= 5jk77k —7Tj7Tk. (374)
From (9.22) and (??) we then have
1 Om
— == w;) —
877] Z Z i T On;
= —)\Z Z% wi) {6;r — 75}
ik
=2 {my — i (wi)) (375)

where we have used the fact that ), v, (w;) = 1 for all .

9.13 The result is easily proved by substituting (9.36) into (9.37), and then substituting
(9.35) into the resulting expression, giving

y =F3(z2) + 2o
=F3(Fy(z1) +21) + Fa(z1) + 21
=F3(F3(F1(x) + x) + Fi(x) + %)
+ F2(F1(x) +x))
+Fi(x) +x. (376)
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Using (9.49), we can rewrite (9.47) as

1 U ’
Ecom = Ex { ZGm }

1 M M
= M2 Z ZEX em(x)e1(x))
m=1 [=1
1 < 1
= W Z Ex [Em(X) ] = MEA\/

where we have used (9.46) in the last step.

We start by rearranging the r.h.s. of (9.46), by moving the factor 1/M inside the sum
and the expectation operator outside the sum, yielding

Mo
Eyx Z_lMem(X)Q].

If we then identify €,,(x) and 1/M with z; and \; in (2.102), respectively, and take
f(z) = 22, we see from (2.102) that

Mo 2 Mo
(Z Mem(x)> <Y Mem(x)2

m=1

Since this holds for all values of x, it must also hold for the expectation over x,
proving (9.64).

If E(y(x)) is convex, we can apply (2.102) as follows:

M
Exny = Z E(y(x))]

m=1

%M E(y(x) 1

= Ecowm ( ﬂ

where \; = 1/M fori = 1,..., M in (2.102) and we have implicitly defined ver-
sions of Fay and Fcop corresponding to F(y(x)).

M:
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9.17

9.18

To prove that (9.67) is a sufficient condition for (9.66) we have to show that (9.66)
follows from (9.67). To do this, consider a fixed set of y,,,(x) and imagine varying
the «,,, over all possible values allowed by (9.67) and consider the values taken by
ycom(x) as a result. The maximum value of ycon(x) occurs when oy, = 1 where
Yk(X) = ym(x) for m # k, and hence all av,,, = 0 for m # k. An analogous result
holds for the minimum value. For other settings of «,

ymin(x) < yCOM(X) < ymax(x)’

since ycom (X) is a convex combination of points, ¥, (x), such that
Vm : ymin(x) < ym(x) < ymax(x)-

Thus, (9.67) is a sufficient condition for (9.66).

Showing that (9.67) is a necessary condition for (9.66) is equivalent to showing that
(9.66) is a sufficient condition for (9.67). The implication here is that if (9.66) holds
for any choice of values of the committee members {y,,(x)} then (9.67) will be
satisfied. Suppose, without loss of generality, that ay, is the smallest of the « values,
i.e. ap < auy for k # m. Then consider yi(x) = 1, together with y,,, (x) = 0 for all
m # k. Then yyin (x) = 0 while ycom(x) = i and hence from (9.66) we obtain
ay = 0. Since «, is the smallest of the « values it follows that all of the coefficients
must satisfy «p > 0. Similarly, consider the case in which y,,(x) = 1 for all m.
Then Ymin(X) = Ymax(x) = 1, while ycom(x) = Y, @,. From (9.66) it then
follows that > c, = 1, as required.

From (3.2) the Bernoulli distribution for the elements of the dropout matrix can be
written as

Bern(R,;|p) = pfri(1 — p)t— i, (377)
Hence we have
E[R,i] = Z Bern(R,,i|p)Rn;
Rm‘E{O,l}
—p. (378)

Two elements R,,; and R,,; will be independent unless j = i. Hence, for j # i we
have

E[Ryi Ryj] = Z Z Bern(Rp;|p)Bern(Rn;|p) RyiRn;
RniE{Ovl}ane{Ovl}

Z Bern(R,,;|p)Rni Z Bern(R,,;|p)Rn;
RniE{O,l} anE{O,l}

:p2

whereas if j = ¢ we have



Solution 9.18 101
and therefore
E[RniRnj] = E[Rni] = p.
Combining these we obtain
E[RyiRnj] = 0ijp + (1 — 05)p*. (379)

To find the expected value of the error function (9.69) we first expand out the square
to give

N K D
E(W) = Z Z tik -2 Z wkiRm-xm-
i=1

n=1 k=1

k
D
+ Wi BT g W Ry Ty
i=1 j=1

1=

Next we take the expectation of the error and substitute for the expectations of the
dropout matrix elements using (378) and (379) to give

N K D D
E [E<W)] = Z Z tik - 2[) Z Wi Tps + P Z WEiTni
n=1 k=1 1=1 =1
N K D
+ (=) ) DY wiah, (380)
n=1 k=1 i=1
N K D 2
= Z Z {tnk - pz wkzxnz}
n=1k=1 1=1
N K D
+p(1=p) D> D> wiar. (381)
n=1k=1 i=1

Finally, we can find a solution for the weights that minimize this expected error
function by setting the derivatives with respect to wg; equal to zero. For this it is
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more convenient to work with the expression (380) giving

5 N D N
Bwn, E[E(W)] =— QpZ Tpi + 207 Z Whj (Z :cmxm>
7 J=1

n=1 n=1
N
+2p(1 = p)wg <Z x?n)
n=1
N
n=1

D N N
+2 Z’U}kj {p2 (Z wnﬂm) + d;ip(1 = p) (Z QJf?Lz) } :

n=1 n=1

This can be written in matrix form as
0=-B+WM (382)

where W has elements w;;, B is a diagonal matrix, and the elements of B and M
are given by

N
Bii=—=2p)  wn; (383)
n=1
N N
n=1 n=1

Hence the minimizing weights are given by

W* =BM L. (385)
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Convolutional Networks

10.1

10.2

10.3

10.4

We can impose the constraint ||x||*> = K by using a Lagrange multiplier A and
maximizing

wix+A(|x]? - K). (386)
Taking the gradient with respect to x and setting this gradient to zero gives
w42 x =0 (387)

which shows that x = aw where v = —1/(2\).

Let us represent the input array as a vector x = (1, Tg, .., x5)". We will start with
the case where there is only one convolutional filter, of width 3, the weights of which
we will denote using a vector k = (ky, ko, k3)T. If we look at Figure 3, we can see
that the three outputs, which we represent with the vectory = (y1,92,y3) T are given
by:
I’lk‘l + 1‘2]{32 + 1‘3]{33
y = Toky + x3ko + x4ks | . (388)
l’gkl + 1'4]{72 + Q?5k3

Now we wish to find a matrix K such that y = Kx. We can see that it must be a
3 x 5 matrix, and each entry K;; is given by the contribution that x; makes to y;.
Therefore K is given by:

ki ks k3 0 O
K=\ 0 k ko ks 0 |. (389)
0 0 ki ko kg

This is an example of a Toeplitz matrix, where each descending diagonal from left
to right is constant. Convolution operations in 1D can always be represented as a
multiplication of the input array by a Toeplitz matrix.

Simple matrix multiplication shows that the convolution is given by

32114 |18
—22(-24] 12
221 6 | 18

There are many possibilities for indexing the elements of I, K, and C'. One choice
is simply to choose the indices in K (I, m) to have the ranges 1 < [ < Land 1 <
m < M giving

M
C k) =YY I +1k+m)K(l,m). (390)

=1 m=1
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Solution 10.5

Figure 3 Figure showing a convolution operation of a filter k over an input array x with output y.

If we similarly choose the two indices of I(-,-) to run from 1,...,Jand 1,... K
respectively, it follows that 0 < 7 < J —Land 0 < k < K — M. For the
convolutional form we likewise have

L M
C(j k) =D I(j—1,k—m)K(l,m) (391)

=1 m=1

wherenow L+1 < j < J+1and M +1 < k < K+1 asis easily verified. Finally,
we can define A = L — [ 4+ 1 and 4 = M — m + 1 which allows us to rewrite (391)
in the form

L M
CUR) =YY TG+ Nk + KX, p) (392)
A=1p=1
where we have defined
TG+ MNk+p)=I(G—L+A—1k—M+p—1) (393)
KOyp)=K(L—X+1,M — p+1). (394)

The convolution and cross-correlation representations differ in whether the index
variables [ and m that label the kernel elements run from low to high values or or
vice versa. In a machine learning application it is usually irrelevant which of these
forms is used, since the algorithm will learn the same value for the kernel in the
corresponding locations, so that learning with the inverted representation will lead
to the same kernel but with its values in reverse order.

10.5 If we substitute z = x — y into (10.21) we obtain

Fz) = /_ " Gl — 2)h(2) dz. (395)
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If we now discretize the x and z variables into bins of width A we can approximate
this integral using

F(jA) ~ i GUA — INE(IA)A. (396)

l=—0c0

This can now be written as a one-dimensional version of the convolutional layer
defined by (10.19) in the form

L

C(j) =D I1(i —)K() (397)

I=1
where we have defined C'(j) = F(jA), I(l) = G(IA), and K(I) = k(IA)A.

We saw in Section 10.2.3 that convolving an image of dimensions J X K and ad-
ditional padding P, with a filter of dimensions M x M will yield a feature map
of dimension (J + 2P — M + 1) x (K + 2P — M + 1). Now if we substi-
tute P = (M — 1)/2, we see that the dimensions of the feature map are given
by (J+(2((M —1)/2) = M+1) x (K +(2((M —1)/2) — M + 1) which simplifies
toJ x K.

In the case with no padding and a stride of 1, an M x M kernel would convolve
J — M + 1 times horizontally and K — M + 1 times vertically, giving us (J —
M+ 1) x (K — M + 1) features. After applying padding P to each of the edges
of the image, we have a new image of size (J + 2P) x (K + 2P), and hence the
dimensionality of the feature layer would be (J +2P —M +1) x (K +2P—M+1).
When we apply a stride, we divide the number of convolutions in each dimension
by the stride and use the floor operator to account for the case where there is some
remainder of the image in a given direction that is less than the stride. The initial 1 is
not divided by the stride as it represents the first operation and is therefore unaffected
by the stride. This gives us

2P - M K+2P-M
- 1 x |2 +1]

S S (398)

features.

We assume connections between padding inputs and features count as connections
for simplicity. We also haven’t included max pooling or activation function connec-
tions. As every convolutional layer in the VGG-16 network uses a 3 x 3 filter, a given
node in a convolutional layer takes a number of inputs equal to 9 times the number of
channels in the previous layer plus 1 for the bias. The first convolutional layer there-
fore has 224 x 224 x (3 x 94 1) x 64 = 96, 337,920 connections to the previous
layer. The number of connections for a fully connected layer is equal to the number
of input features plus 1 for the bias, multiplied by the number of nodes, which for
the first fully connected layer is equal to (7 x 7 X 512 + 1) x 4096 = 102, 764, 544.
The number of the connections for the rest of the layers are shown in Table 1.
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Solution 10.9

The number of learnable parameters in a convolutional layer is independent of the
height and width dimensions of that layer. For a layer with a 3 x 3 filter, the number
of parameters for a given kernel is equal to 9 multiplied by the number of channels in
the previous layer, plus 1 for the bias. For a given layer, the number of such kernels
is then the same as the number of channels. So for example the first convolutional
layer has 64 x (3 x 3 x 3+ 1) = 1, 792 learnable parameters. For a fully connected
layer, the number of parameters is just equal to the number of connections as there
are no shared weights. The number of learnable parameters for each layer are also
shown in Table 1.

Layer Connections Learnable Parameters
Convolution 1 96, 337,920 1,792
Convolution 2 1,852,899, 328 36,928
Convolution 3 926, 449, 664 73,856
Convolution 4 1,852,899, 328 147,584
Convolution 5 926, 449, 664 295,168
Convolution 6 1,852,899, 328 590, 080
Convolution 7 1,852,899, 328 590, 080
Convolution 8 926, 449, 664 1,180,160
Convolution 9 1,852,899, 328 2,359, 808
Convolution 10 1,852,899, 328 2,359, 808
Convolution 11 462,522, 368 2,359, 808
Convolution 12 462,522, 368 2,359, 808
Convolution 13 462,522, 368 2,359, 808
Fully Connected 1 102,764, 544 102,764, 544
Fully Connected 2 16,781,312 16,781,312
Fully Connected 3 4,097,000 4,097,000
Total 15,504,292, 840 138,357,544

10.9 The convolution operation can be written as

Table showing the number of connections and learnable parameters in each layer of the VGG-16

M
C(j k)= I(j 1,k —m)K(l,m)

=1 m=1

where j = 1,...,Jand k = 1,..., K. The kernel K is swept across the image
I giving a total number of positions of (J — L + 1) x (K — M + 1) and for each
position, the number of operations is L x M. Thus the total number of operations is

(J-L+1)(K—-M+1)LM. (400)
Now suppose that the kernel is separable, in other words that it factorizes in the form

K(l,m) = F()G(m). (401)
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Substituting (401) into (399) we obtain

L

C(j. k) =Y _F(1) > I(j — 1,k —m)G(m). (402)

=1 m=1

Consider first the summation over m. This involves a one-dimensional kernel G(m)
which must be swept over the image for a total number of J x (K — M +1) positions,
and in each position there are M operations to perform giving a total number of
operations equal to (K — M + 1)JM. This gives rise to an intermediate array of
dimension J x (K — M + 1). Now the summation over [ is performed which is also
a convolution involving a one-dimensional kernel F'(I). The number of positions for
this kernel is given by (K — M + 1) x (J — L + 1) and in each position we have to
perform L operations giving a total of (K — M + 1)(J — L+ 1) L. Overall, the total
number of operations is therefore given by

(K—M+1)JM+ (K —-M+1)(J—L+1)L. (403)

To see that this represents a saving in computation consider the case where the image
is large compared to the kernel size so that J > L and K > M. Then (400) is
approximately given by JK LM whereas (403) is approximately given by JK (L +
M). Note that as well as saving on compute, a separable kernel uses less storage.
However, since it restricts the form of the kernel it can lead to a significant reduction
in generalization accuracy.

The derivatives of a cost function with respect to an activation value can be evaluated
using backpropagation, which corresponds to an application of the chain rule of
calculus. This backpropagation starts with the derivatives of the cost function with
respect to the local activations, which for the cost function defined by (10.12) are
given by

OF(I)

dijk =

= 2a; 404
8az’jk Aijk ( )

and hence, up to a factor of 2, are given by the activation values themselves. These
values are then back-propagated through the network using (8.13) until the input
layer is reached. This input layer represents the image and the associated ¢ values
correspond to derivatives of the cost function (10.12) with respect to the pixel values,
as required.

Consider a 1-hot encoding scheme for the C' object classes using binary variables
yi € {0,1} wherei = 1,...,C and y; = 1 represents the presence of an object from
class i. We then introduce an additional class with a binary variable yo1 € {0,1}
where yco1 = 1 means there is no object from any of the given classes in the image.
Since we assume that a given image either contains an object from one of the classes
or no objects, the variables ¥, ..., yc+1 form a 1-hot encoding where all variables
have the value 0 except for a single variable taking the value 1. We can train a model
f(+) to take an image as input and to return a probability distribution over these
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10.12

variables. These probabilities must sum to one

C+1

> prlyi=1)=1. (405)
i=1

Now instead suppose we introduce a binary variable b € {0,1} such that b = 1
means an object (of any class) is present in the image and b = 0 means that no object
is present. We can train a model g(-) to output a probability distribution over this
variable, such that

pg(b=1)4+py(b=0)=1. (406)

We also introduce binary variables z1,...,zc € {0, 1} to predict the class of the
object, conditional on their being an object present. These variables have a 1-hot
encoding. We then train an associated model A(-) to output a probability distribution
satisfying

c
> pr(zi=1)=1. (407)
=1

To relate these sets of probabilities we can use the product rule in the form
p(object present and class i) = p(class i|object present)p(object present)  (408)

which gives the following results

pr(yi =1) =pp(zi =1)pg(b=1) i=1,...,C (409)
Pi(yor1 =1) = py(b=0). (410)

We first note that evaluating the scalar product between two N-dimensional vectors
requires /N multiplies and N — 1 additions giving a total of 2N — 1 computational
steps.

For the network in Figure 10.22, the number of computational steps required to cal-
culate the first convolution operation is given by the number of features in the second
layer, which is 4 x 4 = 16, multiplied by the number of steps needed to evaluate the
output of the filter. Since the filter size is 3 x 3 = 9 each filter evaluation requires
9 x 8 = 72 steps. Hence the total number of computational steps for the first convo-
lutional layer is 16 x 72 = 1, 152. For one evaluation of a 2 X 2 max pooling filter,
there are 3 computational steps required. This is multiplied by the number of such
operations required for the max pooling layer which is 4, giving 12 total steps. The
fully connected layer is equivalent to a scalar product between two vectors of dimen-
sionality 4 and hence requires 4 + 3 = 7 operations. Therefore a single evaluation
of this network requires a total of 1,152 + 12 + 7 = 1, 171 computational steps.

For the network in Figure 10.23, there are 6 X 6 = 36 features in the second layer
each of which requires 9 x 8 = 72 computations in the convolutional layer, giving a
total of 36 x 72 = 2,592 computational steps. The max pooling layer has 9 nodes
and hence requires 9 x 3 = 27 computations. Finally, the fully connected layer
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requires 4 X 7 = 28 computations, giving a total of 2,592 4 27 4 28 = 2,647
operations for one pass through the whole network.
Therefore the improvement in efficiency of using one pass through the second net-

work compared to 8 passes through the first network is equal to 1,171 x 8/2,647 =
3.54.

The padded input vector is given by

0

x1

_ | %2
X = s . “411)

Ty

0

For a filter with elements (w;, w2, w3) and a stride of 2, the output vector will be
two-dimensional and can be written as y = (y1,%2)T, in which the elements are
given by

Y1 = Wak1 + W3T2 (412)

Y2 = W1T2 + WaT3 + W3Ty. (413)
We can write this convolution operation using matrix notation in the form
y = Ax (414)

where the matrix A is given by

_f w wy w3z 0 0 O

Now consider the up-sampling operation using a filter (wy, ws,w3) operating on
a vector z = (zy, 22)T with a stride of 2. The resulting six-dimensional vector
h = (hy, ha, hs, hy, hs, he) has elements given by

hi =wizy (416)
hoy = wazy 417
hs = w3z, + Wy 29 (418)
ha = wazs (419)
hs = wszs (420)
hg = 0. 421)

(422)

This can be written using matrix notation in the form

h =Bz (423)
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where the matrix B is given by

w1 0
W9 0
_ w3 Wi
B=| 0" o (424)
0 w3
0 O

By inspection we see that B = AT and hence up-sampling can be seen as the trans-
pose of convolution.



