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Chapterl

Introduction to the Finite Element Method

1.1 Introduction

“The origins of the finite element method can be traced back to the 1950s when engineers started
solving structural mechanics problems in aeronautics using numerical tools. Since then, the field
of applications has steadily widened and encompasses nowadays nonlinear solid mechanics, fluid-
structure interactions, turbulent flows in industrial or geophysical settings, multicomponent reactive
flows, mass transfer in porous media, viscoelastic flows in medical sciences, electromagnetism, or
option pricing (to list just a few). Numerous commercial and academic codes based on the finite
element method have been developed over the years. The method has been so successful for the
solution of partial differential equations (PDEs) that the term “finite element method” now refers
not only to the mere interpolation technique that it is beforehand, but also to the approximation
techniques to solve differential equations in general. The efficiency of the finite element method relies
on two distinct ingredients: the interpolation capability of finite elements in the approximation of
scalar- and vector-valued functions, as well as the ability to approximate a mathematical model
given in terms of partial differential equations within a proper mathematical framework” (adapted
from Ern and Guermond [2]).

The objective of these lectures is to give a brief introduction of the finite element method. In
particular, we will explain how to construct finite element spaces of (parametric) functions that can
be used as trial or admissible functions for the solution of partial differential equations. We will also
show how PDESs can be discretized within the finite element framework. The course will be concerned
with the description of key mathematical concepts related to the finite element method as well as
with the learning of Comsol Multiphysics™ [1] for the application of finite element techniques to
engineering problems. In this introductory chapter, only 1D problems will be considered. Problems
defined on 2D and 3D geometries, of higher interest in practice, will be introduced in the next
chapter.

1.2 Model problem

Most problems in physics and mechanics are described as a set of partial differential equations and
initial/boundary conditions. This set is called the strong form of the problem. Finite elements,
however, are based on an alternative form, the weak form, which is equivalent to the former. We
describe in this section both the strong and weak forms, and we prove their equivalence. Examples
of physical problems are also presented.
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1.2.1 Strong formulation and examples

Let Q = (0,1) be an open bounded interval in R. Suppose that we are interested in solving for the
function u = u(z) € C%(Q), that satisfies the differential equation:

d du du
—~ a== bh— = in Q 1.1
dx (adx) T e i (L.1)
and subjected to the boundary conditions
d
u=1uq, ataxz=0 and ad—u:g, atr =1 (1.2)
x

where a = a(xz) > 0, b = b(z), and ¢ = ¢(x) > 0 are “material” data, f = f(z) represents “loading”
data, and ug € R and g € R are “boundary” data. We simply assume here that a, b, ¢, and f are
“smooth” functions on 2. The smoothness of these functions, as well as the positivity of a and c is
important when one tries to prove the existence and uniqueness of a solution to the equations (see
Sec. 3.2).

Equation (1.1) is the general example of second-order elliptic differential equations® expressed here

in strong form. The first equation in (1.2) is called a Dirichlet or essential boundary condition while

the second is a Neumann or natural boundary condition. A third type of boundary conditions,

named Robin, could also be considered as a generalization of the Neumann boundary condition:
du

— 4+ —
adx au=g

where o € R.

Problem (1.1)—(1.2) is frequently encountered in engineering applications such as heat transfer, linear
elasticity, etc.

Example 1 (Linear elasticity) The displacement u = u(x) along a rod of length L with variable
cross-sectional area A(x) and homogeneous Young’s modulus E is governed by the 1D differential
equation:

d du

—— (EA— | =0, in(0,L).

dm( dx) i (0.L)

The boundary conditions are given in terms of the displacements (Dirichlet condition) and/or the
loads EA‘;—Z (Neumann condition) at the extremities 0 and L. Alternatively, an imperfect connection
to the support at one of the extremities (for instance, at x = 0) can be modeled using a relation of
the form %(0) = Kou(0), where Ko controls the flexibility of the connection (Robin condition,).

Example 2 (Stationary heat transfer) Consider a rod of length L with thermal conductivity k
held at constant temperature 0y at both ends and subjected to a heat source q(x). Assuming that the
walls of the rod are adiabatic (no heat flux), the temperature 8 = 0(x) is uniform in each cross-section
and is modeled by the strong form differential equation:

d do
I (k‘dx> q, in (0,L)

LPartial differential equations are classified into elliptic (e.g., Laplace and Poisson equations), parabolic (e.g., the
heat equation) and hyperbolic equations (e.g., the wave equation). Grossly speaking, elliptic equations relate to
stationary problems, parabolic equations to dissipative evolution problems, and hyperbolic to conservative evolution
problems. The mathematical properties of these equations and the smoothness of the corresponding solutions lead to
the use of different numerical techniques for each type of equations [3].

2 MTHS8207 - Prudhomme
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Figure 1.1: Description of a boundary layer problem.

It is moreover subjected to the Dirichlet boundary conditions 6(0) = 6(L) = 6,.

Example 3 (Boundary layer) The shape of a boundary layer (see Fig. 1.1) can be modeled in
non-dimensional form by the 1D differential equation

2

d2

O fuo=0, in(0,1)

when subjected to the Dirichlet boundary conditions vo(0) = 0 and vo(1) = 1.

1.2.2 Weak formulation

Let v = v(x) be an arbitrary function in C*°(Q) (infinitely smooth), multiply (1.1) by v, and

integrate over 2. We get:
d du du
- +b— dr = d
/Q[dx<d$> dJrcu]vx /vax

Using integration by parts, i.e. (uv)’ = w'v + uv’, we observe that the first term on the left-hand
side can be rewritten:

[ (oY vt = [ (a2t [t [ B ]
o dx \“dz )"’ qde \%az" )T ) Y de ™t dz dz Yz,

Inserting the latter into the former equation, we have:

/ [ %% + bd—v + cuv} dx —a(l )ZZ(l)v(l) + a(O)j—z(O)v(o) = /Q fodz

and upon applying the Neumann boundary condition, one gets:

/ { %;LZ + b;l—xv + cuv} dx + a(0) jz (0)v(0) = /vadx + gv(1)

We observe that the Neumann boundary condition comes naturally into the formulation, hence the
name “natural” B.C.

POLYMTL - 2016 3



CHAPTER 1. INTRODUCTION TO THE FINITE ELEMENT METHOD

At 2 = 0, the value of the first derivative u'(0) (more specifically a(0)u'(0)) is unknown. However,
we have the choice on how to select the test function v, and in particular, its value at z = 0. Let us
take v(0) = 0. This choice actually makes sense as the value of u is known at = 0 and thus does
not need to be “tested” by the test function. Thus it becomes essential to enforce the kinematic
condition %(0) = ug, hence the name “essential” B.C. Then, one gets:

du dv du R
/ [ a— + bd—v + cuv} dx = /vadx +gv(1), YveC*(Q), v(0)=0

Note that integration and integration by parts has allowed to eliminate the second derivative from
the formulation and to consider derivatives in the distributional sense only?. Constraints on u have
been weakened; for example, whereas the second and first derivatives of a piecewise continuous
function do not exist, the above integrals with v and v piecewise continuous are well defined and
the formulation makes sense. Since our goal is to find an approximation of u, the weak setting gives
us more freedom when choosing the form of the trial functions.

Let us introduce the vector spaces of functions:
Q) ={v: 2€Q—v(z) R (0 /|U )|?dx < oo}

HY(Q) = {v e L*(Q); v € L*(Q)}
Hy(Q) = {v € H'(Q); y0(0) = yv(1) = 0}
H*(Q) = {ve H (Q); v" € L*(Q)}
where the integrals have to be understood in the Lebesgue sense (“L” in “L?())” actually stands
for Lebesgue) and where yv denotes the trace of the function v on the boundary. Recall that the
function is only defined on the open set 2 = (0, 1). The trace operator allows to extend the function
to the boundary. We also introduce the sets of functions U and V such that:
U={uc H(Q); yu(0) = uq}
V ={ve HY(Q); yv(0) = 0}
A function u € U is called an admissible or trial function while a function v € V is referred to as a
test function.

The weak formulation of Problem (1.1)—(1.2) is:

Given f and g, find u € U, such that

dudv  du (1.3)
- - = 1
/Q [adas I bd v—i—cuv} dx /vadx—i—gv( ), YweV

or, in a more compact form,

Find v € U, such that B(u,v) = F(v), YveV (1.4)

where we have defined the bilinear form B(-,-) on H*(2) x H(2) and linear form F(-) on H'(Q)
as:

B(u,v):/ { jZ;lZ—l—bZ—uv—i—cuv dz

:/fvd:chgv(l)
Q

2Some details on the derivatives of a function in the distributional sense can be found in [2, Appendix B]

4 MTHS8207 - Prudhomme
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Remark 1 Let us introduce the function @ on  (called the lift) such that G(x) = ug and the function
w such that u = w + 4. Observe that yw = yu — i = uqg — uqg = 0. Then B(u,v) = B(w + 4,v) =
B(w,v)+ B(@,v) = F(v), that is, B(w,v) = F(v) — B(@,v). The weak form of the problem can then
be recast as:

Find w € H} (), such that

1.5
/[amdv—i—bd:v—&—cwv] dx:/fvdm—/cfwdx—i—gv(l), Yo € H} (D) (1.5)
Q Q Q

or, in compact form, as

Find w € HY(Q), such that B(w,v) = F(v) — B(@,v), Vv € H}(Q) (1.6)
Since a function in C2(€2) is also in H'(2), we have shown so far that if u is solution of Problem (1.1)—
(1.2), it is also a solution of Problem (1.3). We would like to know now whether the reverse is true

in order to make sure that by solving (1.3), we actually solve the problem of interest. This question
is addressed in the next section.

1.2.3 Equivalence of the strong and weak formulations
Let u be the solution of Problem (1.3) and let the data f be sufficiently smooth so that w is twice-

differentiable (in the distributional sense). It can actually be shown that f € L?(Q2) guarantees that
u € U N H?(Q) CU. Then, integrating (1.3) by parts, we have for all v € V,

d ([ du du d du
+b—uv+ + [ —la— = f + gu(1
/Q [ - ( ) b = cuv] dx /Q - (a xv) dr = ; vdx + gv(1)

/Q {CZ; ( ZZ) *b%u +ou— f] vdz + {a(l)jﬁj(l) g] (1) - a(@)%(ow(m -0

that is

Since v(0) = 0, the above equation reduces to:

/Q [—CZC ( jg) +bd£ +oou— f} vdz + [a(l)jz(l) _g] o(1) = 0 w7

The proof then proceeds in three steps:

1. We denote by D(Q) the set of infinitely differentiable functions defined on Q with compact
support in Q (D(Q) is often called the space of test functions). Obviously, if ¢ € D(£2), then
¢ € V and ¢(0) = ¢(1) = 0. Therefore:

/¢ [ (du>+b;lu+cu—f}da::0, Vo € D()

which, by using Fourier’s theorem, implies that

d du du .
_dx( dx)+bd+cu_f in Q (1.8)

POLYMTL - 2016 5
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2. Using (1.8) in (1.7) allows us to write:
du
a5 g (1) =0

Choose a test function v € V such that v(1) =1 (for example, v(z) = x). Then

d
aﬁ =g, atzx=1 (1.9)

3. Finally, since u € U, it immediately follows that yu = ugq at £ = 0.

We conclude that if u is solution of the weak form of the problem and u is sufficiently regular
(depending on the regularity of f), then w is also solution of the strong form of the problem.

We note however that if the data f is not smooth enough, the weak form of the problem may have
a solution while the strong form of the problem does not. This is the case for instance when f is a
Dirac function. The Dirac function does not belong to L*(£2) so that u is not in H?(2). In 2D and
3D, the regularity of the solution also depends on the shape of the domain.

Example 4 Leta=1,b=c=0, f =2, uqg =0, and g = 0, so that the model problem in the
strong form reads: Find u € C?(Q) such that

d?u du
2 9 inQ — o
. in Q, u(0) =0, dx( )

dx?
The exact solution of this problem is u(x) = (2 — ) while the weak form reads:

Find uw € V such that @d—vdx = / 2vdx, YveV (1.10)
Q dx dx [¢)

Remark 2 We observe that the weak formulation is not amenable to solve the problem analytically.
Indeed the above equation needs to be tested for every test function in V', which is infinite dimensional.
To make things clearer, imagine that we consider trial functions in the form:

o0
u(z) = Z w;x’
i=1

where the coefficients u; € R need to be determined. The above expansion actually corresponds to
Taylor expansions for infinitely smooth functions in which the monomials {z'} form a basis of the
subspace VN C®(Q) of V. Since the number of monomials is infinite, the idea is to search for
approximations of u by truncating the expansion, i.e.

Replacing u by @ in the weak formulation and taking v = x*, for i =1,..., N, we are then able to
define N equations for the N unknowns u;, i = 1,..., N. This yields a system of N linear equations
that can be solved using direct or iterative solvers. Note that @ ~ u and @; = u;.

This is essentially the concept of the finite element method in which the trial function u is approxi-
mated by piecewise continuous or discontinuous functions constructed by means of finite elements.

6 MTH8207 - Prudhomme



1.3. FINITE ELEMENT APPROXIMATIONS

0 1 2 i(=4) N (=6)

Figure 1.2: Example of piecewise linear continuous function using the partition {I;}.

1.3 Finite Element approximations

The objective in this section is to construct piecewise linear continuous functions to be used as trial
functions in order to compute approximate solutions of the problem of interest. Note that such
functions belong to H*(Q) (but not to C°°(£2) nor to H?(£2)).

1.3.1 Mesh and elements

Let N be a positive integer and let x;, i = 0,..., N, define points in Q = (0,1) such that 0 = z¢ <
r1 < ...<x; <...<zxzy = 1. The points x; are called vertices. We also introduce the intervals
I; = [x;_1,x;] such that Q = Ui<i<n{;. The intervals I; are called elements. The size of the elements
is given by h; = |z; — ;1| and we denote h = max; h;. Using such a partition of the domain (2,
it is then possible to define piecewise continuous functions (see e.g. Fig. 1.2). Let V;,3 denote the
vector space of all piecewise linear continuous functions uy, defined on 2 such that u(0) = 0.

1.3.2 Basis functions

We can show that any function in V}, can be defined as a linear combination of the basis functions
¢; € Vi, (hat functions) shown in Fig. 1.3, i.e. Vuy, € V4, there exists one and only one set of N
coefficients u; in R such that:

N
up(z) = Z u;pi ()

where the basis function can be explicitly written as:

(l‘—l‘i_l)/hi, ifzel
¢i(z) = ¢ (@it1 — 2)/hit1, ifx €l (1.11)
0, otherwise

3For notational simplicity, we restrict ourselves here to the case where a homogeneous Dirichlet boundary condition
is enforced at * = 0 and a Neumann boundary condition at x = 1. More generally, V};, would represent the vector
space of all piecewise linear continuous functions uj defined on Q such that the Dirichlet boundary conditions are
verified.

POLYMTL - 2016 7
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X
0 1 2 i(=4) N (=6)

Figure 1.3: Basis functions for piecewise linear continuous approximations.

Note that the domain of the basis functions (hat functions) is actually the whole interval Q. For the
function shown in Fig. 1.2, we clearly have:

up, = 2.0¢1 + 1562 + 0.5¢3 + 1.5¢4 + 1.5¢5 + 1.0¢

so that the vector of unknowns U = {u;} = [2.0,1.5,0.5,1.5,1.5,1.0]7. See Fig. 1.3. The coefficients
u; are referred to as the degrees of freedom.

1.3.3 Shape functions

The basis functions ¢; can easily be constructed element by element by introducing shape functions
Nje, j = 1,2, defined on each element I.. In 1D, the correspondence between the indices ¢ and e
is trivial with ¢ = e. This is not the case in higher dimensions. From Fig. 1.4, we see that, if the
support of ¢; corresponds to the elements I, and I.11:

Ny (2), ifxel,
qi)l(a:) = N176+1(a:), ifzx e Ie+1 (112)
0, otherwise

with Na o (z) = (£ — xi-1)/he and Ny c41(2) = (ziz1 — ) /heta-

1.3.4 Galerkin method and system of equations

The Galerkin method is a method by which one can derive approximations of problems given in
weak forms. The method consists of two steps:

8 MTH8207 - Prudhomme



1.3. FINITE ELEMENT APPROXIMATIONS

1
1 2 i
¢ L 4 ®
0 1 x
0 1 2 i (=4) N (=6)

Figure 1.4: Shape functions in elements e and e + 1.

1. Replace u by up = vazl u;¢; for the trial function.

2. Test the equation with all test functions vy, € Vj,.
We now apply the Galerkin method to Problem (1.10) in Example 4 using N = 2 elements, xg = 0,
21 = 1/2, and z2 = 1. Note that the two elements are not necessarily of the same size. In this

case, we have two basis functions ¢; and ¢, associated with the degrees of freedom u; and us. The
discrete trial functions are written u, = ui1¢1 + usgs € V.

The finite element problem then reads: Find uy € V}, such that

duy, d
/ﬂﬂda::/%)hdx, Yo, € Vi

which is equivalent to: Find [u1,us] € R? such that

d do; .
/Q%(Uldh + uz¢2) dqi dw:/g2¢idaz, Vi=1,2

Rearranging,

dor do; / doa do; / .
ul/Q do do dr + us o dz dzr . ¢;dxr, Vi ,

We readily observe that the two equations above can be written in matrix form

KU=F (1.13)
where
doydgy , [ dd2dey w /2¢1dx
_ o dr dx q dr dx U= F— Q
dgy1 depo dga dpo /
—_ = —_= = 2
/Q dr dx du /Q dr dx du 2 Q $odz

POLYMTL - 2016 9
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where K is referred to as the stiffness matrix, U the vector of unknowns, and F' the loading vector.

We now show how to compute the elements of the matrix K and of the vector F. We start with
K11. Let denote Iy = [zg, 21] and Ty = [x1, 23] the first and second elements. We have:

o[B80y, [ dordn [ s,
I, Iz

o dx dx dr dz dr dz
dN21 dN2 / dN13 dNy 2
= 2 —d = 2 d
/11 dr dz v ., dr dx .

it [ (et
= — —dx - - r = — i
1, h1 by I ho ha hi  he
In the same manner, we have:

_ [ do2dgn _/ dpa doy /d¢2 dér _/ dN3 2 ANy o
KIZ_/de da:dx_ 5, dx d:cdx+ 1, dz dasdx_ 5, dr dx de

WA S AL

K22=/ @@dxz/ d@@dx—i-/ @@dxz/ Nz LNde
Q I I I

and

dx dx L dz dx , dr dx dr dx

1 1 1

= — — |de = —

/12 <h2> <h2> ha

Finally, by symmetry, we have:

1
K = K = ——
21 12 Iy

For the right-hand side vector, we get:
Fy = / 2¢1dx = / 2¢1dx +/ 2¢1dx = / 2Ny dx +/ 2N 0dx
Q 11 12 11 12

_ _ o N\27m N2 72
:/ o xodx—l—/ QT2 =T, {(z zo) ] 3 [(xg x) }
L I L he o, e L

=hy + ho
F2 = / 2¢2d.’)§ = / 2¢2d$ +/ 2¢2d$ = / 2N2’2d33
Q 11 12 12

:/ QT =T, [(x_ajl)Qrz
1, he hi -

:h2

so that the system of equations is given by:

11y Lt
hy ho ho Uy _ hi+ ha
1 1
_ — h
hs +h2 U2 2

The solution of this 2 x 2 system of linear equations is:

g [ w ] Z [ R+ 2hahs
U (hy + ho)?

10 MTHS8207 - Prudhomme
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0.75

e

0 0.5 0.75 1 X 0 0.5 0.75 1 x

Figure 1.5: Finite element approximations and exact solution (left), as well as “first derivatives”
(right), for case 1 (red line) and case 2 (blue line) of the problem presented in Example 5.

Example 5 Recall that the exact solution is given by u(z) = 2z — 2%, which yields u'(x) = 2(1 — ).
We consider two approximations for up:

1. Case 1: Set hy = hy = 1/2. Then U = [3/4;1]T. The derivative of uy, is given by u} |, =
(3/4—-10)/(1/2) =3/2 in I and u},|;, = (1 —3/4)/(1/2) = 1/2 in I,. The solution for that
case s plotted in red in Fig. 1.5.

2. Case 2: Set hy = 3/4 and hy = 1/4. Then U = [15/16;1]T. The derivative of uy, is then given
by uy |, = (15/16 — 0)/(3/4) = 5/4 in I and uj |, = (1 —15/16)/(1/4) = 1/4 in Iy. The
solution for that case is plotted in blue in Fig. 1.5.

The exact and finite element solutions, as well as their first derivatives (inside each element for the
finite element approzimations) are shown in Fig. 1.5. One question one may ask is which of the two
finite element solutions is more accurate. This answer is widely subjective as it depends on the goal
of the simulations. On one hand, if one is interested in the first derivative in the region [0.75,1]
then the approrimation given by case 2 is more accurate. On the other hand, if one is interested in
the solution itself in the region [0,0.5], then the approximation given by case 1 is definitely better.
It is also clear that with the same number of degrees of freedom we may reach different degrees of
accuracy depending on the position and size of the elements. The design of optimal meshes is crucial
in Finite Element methods, can be very much time-consuming, and is the subject of adaptive meshing
procedures. Attention: the fact that the values of the finite element solutions at the nodes are exact
in this example are coincidental. This is actually an exception.

1.3.5 Element-by-element assembly

In finite element codes, the system of equations (1.13) is rarely assembled using the global approach
presented in the previous section. Rather, sub-matrices and sub-vectors of K and F', respectively,
are computed at the element level and then combined together to produce K and F. Note that, in
this case, the Dirichlet boundary conditions are applied only at the global level.
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Using above example, shape functions in I; are given by Nj ; and N3 ; and those in Iy by Nj 2 and
Nj 9. Ignoring the Dirichlet boundary condition, we also have three basis functions such that

2
up =Y uii
i=0
constructed from the shape functions as (see Fig. 1.4):
d) _ N1,17 in Il ¢ _ N271, in Il d) _ O, in Il
0= 0, in IQ 1= NLQ, in IQ 2= N272, in IQ
In practice, this construction is performed using the so-called connectivity array C' which assigns

for each element e and each shape function j of e the corresponding basis function 4 (i.e. degree of
freedom w;):

i=0Cle J)

For instance, the connectivity array for our example reads:

C(1,1)=0
C(1,2) =1
C(2,1) =

C(2,2)=2

The element stiffness matrix and load vector are then computed in element e as:

dNy,. dN dN3,c AN
/ Le @NVie 5. / 2e Me g /2N1,edx
K¢ — q dr dx o dx dx Fe = Q
/ dNy,. dN2 . dr / AN dN3 . dx / 2Ny .dx
) dr  ds o do dz a

We see from previous calculations that:

1 1 1 1

Kl — hil _hil Fl _ hl K2 — h72 _h72 F2 — h2
1 1 1 1

I h LI h

h1 h1 ! h2 h2 ?

Now, each entry of the sub-matrices K¢ and of the sub-vectors F'¢ are added to the global matrix
K and global vector F, respectively, according to the following rules:

1. Kf, is added to the entry K;;, where i = C(e, k) and j = C(e, 1),
2. Ff is added to the entry F;, where i = C(e, k).

It readily follows that:

1 1
- —— 0
I I ha
1 11 1
K=| _— B T - and F =
Iy <h1 + h2> I hy + ha
1 1
0 L 1 h
ha h ?

12 MTHS8207 - Prudhomme



1.4. CONCLUSIONS AND OUTLINE

Dirichlet boundary conditions are then applied by modifying the systems of equations in two steps.
Suppose that u = ug is prescribed at = 0. Consider the vector Uy = [ug,0,0]7. The first step
consists in subtracting KUy from F and setting the entries of the column in K corresponding to
the degree of freedom wg to zero. The second step consists in replacing the equation in the system
corresponding to the test function associated with the first degree of freedom (i.e the first equation
in this example) by the equation uy = ug. The system of equations then read:

1 0 0 U Ug 0
1 1 1 Ug
0 - - S = — _
(hl + hQ) h2 Ul h1 + hg hl
1 1
0 - — h 0
h2 h2 U2 2

If ug = 0, then the system reduces to:

1 0 0 Uo 0
1,1y 1 _
hy ha ho Uy - hi+ hs
1 1
0 - — h
B I U2 2
whose solution is simply:
(%) 0
U= | u | = | h?+2hihy
u (hl + h2)2

as before.

1.4 Conclusions and outline

We have presented in this chapter some of the main issues of Finite Element modeling in 1D: (a) the
derivation of the weak formulation from the strong one, (b) the discretization of the weak formulation
using a particular basis of functions, and (c) the reduction of the finite element formulation into a
finite system of linear equations. There is not much change when going to 2D or 3D. In particular,
the weak formulation is derived in exactly the same manner, although the mathematical formalism
seems more complex. Likewise, the choice of basis functions is driven by the same concerns, although
these functions are sampled over higher dimensional spaces. However, the implementation must be
performed in a more rigorous manner. The connectivity array, only hinted at in this chapter, then
becomes an essential tool. Finally, we only brushed the two related questions of error estimation
and meshing, which are in fact essential. We will come back to that extensively.

1.5 Problems

1.5.1 Exercise 1

Suppose that you are interested in knowing the displacement u along a rod of length L with variable
cross-sectional area A(z). We assume that the rod is homogeneous with constant Young’s modulus

POLYMTL - 2016 13
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E, that it is held fixed at x = 0, and that it is submitted to a longitudinal traction T at x = L.
In this case, we know that the displacement u = u(z) in the rod is governed by the 1D differential
equation:

d du .
—% (EAdx> = 0, m (O,L)

and subjected to the Dirichlet and Neuman boundary conditions:
u=0, atxz=0
du

E—=T tx=1L
dx s at T

Derive the weak formulation of the problem.

1.5.2 Exercise 2

Consider a rod of length L held at constant temperature 8y at both ends and subjected to a heat
source ¢(z) = go constant along the rod. Assume that the walls of the rod are adiabatic (no heat
flux) and that the thermal conductivity k is constant. In that case, the temperature § = 6(z) is
uniform in each cross-section and is modeled by the strong form differential equation:

d do .
—% (kd(ﬂ> = (qo, 1In (O,L)

and boundary conditions:
=06y atzx=0

9:90, at x = L

1. Solve for the exact solution § = 6(x) to this problem in terms of L, k, go, and 6y (the data of
the problem).

2. Derive the weak formulation of the problem.

Suppose now that the source term is a pointwise source, i.e. ¢ = 0 everywhere in the domain, except
at a point z¢g € (0,L) where ¢ = go. In terms of the Dirac function J, the source term can be
rewritten as ¢(x) = qod(z — x0). Recall that the Dirac function is defined as

L
/ 3z — xo)v(z)dr = v(xg)
0
for any “smooth” function v.

3. Write the weak form of the problem.

4. Recover the strong form of this new problem (note here that the second derivative of 0 is not
defined anymore at x).
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1.5.3 Exercise 3

Consider the following problem written in weak form as: Find u € V, V being a space of smooth

functions with v = uy, at © = L, such that:

L L
/ <2dud; + 5d—uv + 10uv> dx = / vdx — 2v(0)
0 0

for all v smooth such that v =0 at x = L. Write the strong form of this problem.

POLYMTL - 2016
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PROJECT 1

w02

Description of the problem in 1D (left) and example of mesh for the 3D model (right, problem 2).

Problem 1. We are interested in the analysis of a column of length L, cross-sectional area A,
and Young’s modulus F. We assume that the column stands on a support at x = 0, that it is
subjected to a longitudinal compression force P at x = L and to the gravitational force density g.
The displacement v = u(x) in the column is governed by the 1D differential equation:

d du .
I (EAda:> = —pgA, in (0,L)

and subjected to the Dirichlet and Neuman boundary conditions:

u=0, atz=0, and EAZ—u:—P, at x =L
T

The following data will be the same for all questions: L =4 m, g = 9.81 m/s?, P = 40 kN.

1.1) In this question, take F, A, and p constant along x: E = 20 GPa, p = 2300 kg/m? (concrete),
and A = Ay = 0.0341 m?2.

1. Solve for the exact solution and derive the weak formulation of the problem.
2. Develop an application in Comsol Multiphysics to model the problem.

3. Compute the stress 0 = Fdu/dx and the relative error in the stress at = 0 when using 1, 2,
4, 8, and 16 linear elements of uniform size.

4. Using non uniform linear elements, design, by trial and error, a mesh that yields the minimal
number of degrees of freedom while reaching a relative error in the stress at = 0 smaller than

half a percent.
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PROJECT 1

1.2) Keep here E and p constant (E = 20 GPa, p = 2300 kg/m?), and consider A such that

A i)

with Ay = 0.0341 m?. Repeat questions 2), 3), 4) of Question 1.1).

1.3) Suppose that the column is made of two different materials: in regions (0,{) and (L — I, L),
with I = 50 c¢m, the column is made of a material with properties £ = 10 GPa and p = 500 kg/m?,
and in these two regions, the column has a constant square cross-section with width ag = 0.20 m; in
region (I, L — 1), the column has material properties E = 20 GPa, p = 2300 kg/m?, and a constant
circular cross-section with diameter dy = 0.15 m. Find the location x, where the stress is maximal
in the column. Design a mesh that should give a relative error in the maximal stress smaller than
one percent.

Problem 2. Develop a 3D FE model using linear elasticity to simulate problem 1.3. Suppose that
the different components of the column are perfectly aligned along the centerline and that the force
P is equally distributed at x = L. Find the maximal stress o and corresponding location x in the
column (make sure that the mesh is sufficiently refined to provide accurate solution).

Problem 3. Suppose now that the circular column was imperfectly aligned with respect to the two
other blocks by 6 = 0.02 m. Using 3D linear elasticity and assuming that the force P is equally
distributed at x = L, compute the maximal deflection of the column.

Problem 4. Write a report in which you concisely describe and comment your results.
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Chapter2

Finite Element Method in 2D and 3D

2.1 Introduction

The objective of these lecture notes is to generalize the concepts introduced in the case of one-
dimensional problems to two and three-dimensions. In particular, we introduce the formal definition
of finite elements and the concept of the reference element (or master element). We also show how
the finite element system of equations is assembled and how integrals are computed using special
integration rules. At the end of this chapter, all the basic features of a finite element software will
have been presented, in the case of a scalar elliptic equation.

2.2 Model problem: strong and weak formulation

This section is very similar in concept to the corresponding one in the previous chapter. The main
differences lie in the format, that is slightly more involved in high dimensional problems, and in
the fact that the geometry may create singularities that distort the equivalence between strong and
weak formulations.

2.2.1 Strong formulation

Let © be an open bounded Lipschitz domain in R%, d = 2 or 3, with boundary 92, composed of
two parts, I'y and I',,, such that 902 =T’y UT,,. We are interested in solving for the scalar function
u=u(z), v € Q, that satisfies the differential equation:

V- (kVu)+cu=f, inQcCR? (2.1)
and subjected to the boundary conditions

u=1ug, only

n-(kVu)=g, onT, (2:2)
where n is the unit outward normal vector to the boundary, f = f(z), ¢ = ¢(x), z € Q, g = g(=),
x €'y, and ug = uq(z), x € 'y, are scalar functions. In the most general case, k = k(z) = {ki;(z)},
1 <1i,j5 < d, is a tensor-valued function, characterizing material properties derived from constitutive
relations (e.g., the elasticity tensor F in linear elasticity). For now, we assume that all data are such
that the problem is well-posed.
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2.2.2 Weak formulation

As before, the weak formulation is obtained by multiplying the equation by an arbitrary smooth
test function v and integrating over the domain 2:

/ [~V (kVu) + culvdz = | fodx
Q Q

We then integrate by parts using the relation V - [(kVu)v] = (V - kVu)v + kEVu - Vo, to get:
/ kEVu - Vo + cuvdx — / V- [(kVu)v]de = / fvdz,
Q Q Q
and making use of the divergence theorem (or Green-Ostrogradski), we arrive at:

/kVu~VU—|—cuvdx—/ n'(kVu)vdSZ/fvdm
Q 19) Q

/k‘Vu-Vv—i—cuvdx—/
Q r

Applying the Neumann boundary condition n - (kVu) = g on I';, and choosing the test function v
to vanish on T'y (in other words, we do not need to test the integral on the boundary I'; since the
solution is known to be u = ug4), the above integral equation is simplified as:

or

n- (EVu)vds — /

Ta

n- (kVu)vds = / fvdx
Q

n

/kVu-Vv—I—cuvdx:/fvdx—i—/ gvds, Yvsmooth, v=0o0nTy
Q Q r

n

Introducing the bilinear form B(-,-) defined on H*(Q2) x H() and the linear from F(-) defined on
H(Q) as:

B(u,v):/kVu-Vv—i—cuvdx
Q

F(v):/ﬂfvd:c—i-/r guds

n

the weak formulation of the problem (2.1-2.2) reads:

Find v € U, such that B(u,v) = F(v), YveV (2.3)

where the spaces are defined as:
L*Q)={v: 2€Q — v(z) €R (or C); / |v(z)|*dz < oo}
Q

(@) = (v € I(Q); Vo € (L(Q)))
Hy(Q) = {v e H'(Q); y0(0) = yv(1) = 0}
U = fu € H'(9);7u(0) = ua}

V ={ve H'(Q);yv(0) = 0}

Remark 3 If we introduce the function @ € H*(2), called the lift, on Q such that i = ugq on Ty as
well as the function w such that uw = w + u, the weak form can be recast as:

Find w € V, such that B(w,v) = F(v) — B(@,v), YveV (2.4)
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Figure 2.1: A cracked bi-axially loaded infinite material

It is straightforward to show that the weak and strong forms of the problem are equivalent if we
assume, for example, that w is sufficiently regular (ie. w € H?(Q) N V). However, it is not
straightforward to show that w is regular: the regularity of w strongly depends on the data of the
problem and on domain €2 when d = 2 or 3. This is quite different from what happened in 1D
problems, because geometry there had no influence.

For example, considering the stress field around the crack tip in a bi-axially loaded infinite material,
and following the notations in figure 2.1, one derives the following formula based on linear elasticity

oy o[ Ees (2) (190 (2) s (). )

which is singular at the tip itself (r = 0).

As a remark, it should be said that, although we barely discuss the geometry in this course, it is often
the controlling factor of the convergence of the finite element solution in terms of mesh refinement.
This will be discussed further in the next chapter.

Remark 4 (vector equations) Although we have only mentioned here the case of scalar equations
(that is when the unknown u in equation 2.1 is a scalar quantity), the results extend to the vectorial
case. In particular, this is necessary for the elasticity equations. In that case, the interpretation of
the gradients and divergence is correspondingly vectorial, and the integration by part slightly different.

2.3 Finite elements

We will first give the formal definition of finite elements and finite element meshes. We will then
show how finite elements can be constructed from a reference finite element (or master element), and
will define finite element spaces in which one will approximate the solution u of the above problem
by the Galerkin method.

2.3.1 Definitions
The formal definition of a finite element has been proposed in the seventies by Ciarlet.
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o.(p)
Cz(p)

o,(p)
vP o5(p)

oxp)

e 5

Figure 2.2: Support, sample function, degrees of freedom, and shape functions of a 1D linear (left
figure) and quadratic (right figure) finite element.

Definition 1 (Finite Element) A finite element consists of a triplet {K, P,X} where:

1. K is a compact, connected, Lipschitz subset of R® with non-empty interior.

2. P is a vector space of functions p : K — R™ with m a positive integer (typically m = 1 for
scalar-valued functions or m = d for vector-valued functions).

3. ¥ is a set of n linear forms o; : P — R, fori =1,...,n, i.e. o, € L(P,R). Moreover,
the linear mapping ¥ : P — R™ such that U(p) = (o1(p),...,on(p)) is bijective (unisolvence
property). The linear forms o; are called the local degrees of freedom.

Proposition 1 Given a finite element {K, P,¥}, there exists a basis {0;}, i =1,...,n, in P such
that:

0-7’(9.7) = 51]’ i)j = 1) AR ’n (2.6)

where 6;; denotes the “Kronecker delta” (0;; = 1, if i = j, and 0, otherwise). The functions 6; are
usually called the shape functions.

Example 6 (1D linear finite element) In 1D (see figure 2.2, left), K is a closed and bounded
interval [a, b] where a #b. The space P consists of the linear functions p(x) = a+ Bz, with o, f € R
(in other words, P is the set of polynomial functions of degree 1 on [a,b], that we shall denote by
Py, i.e. P =1Py). The degrees of freedom can be defined as o1(p) = p(a) and o2(p) = p(b). Indeed,
let p € P and assume that o1(p) = 0 and o2(p) = 0. Then

pla) =a+Pa=0 or 1 a al| |0

p(b) =a+p8b =0 1 b 61 |0
which necessarily implies that « = 0 and § = 0 since a # b. This ensures that the map ¥ is
in fact bijective. Note that from the unisolvence property, the dimension of the vector space P
(dim(P) = dim(PPy) = 2 here) is necessarily equal to the cardinality n of ¥ (n = 2 here as well). For

an arbitrary n, one could choose for P the space of polynomial functions of degree n — 1 defined on
K and denoted by P,_1. The shape functions are defined as 61 and 05 such that:

foe gy = [Vl )-1s
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which yields:

b 1 b—x
T 6:73)—@ = 6Mx)zb—a
and
1(02) = 03(a) =a+ Ba =0 [1 a][a] {0}
or =
03(02) = 02(b) =a+ b =1 Lob s 1
which yields:
a 1 T—a
o=y PTpm. T RO=3

Denoting (b — a) by h (the size of the element) and supposing that a = x;—1 and b = x;, we obtain:

T; — X r — T;—1

01(x) = and Os(x) = -

In the particular case where a = 0 and b = 1, the shape functions simply reduce to 61(z) =1 — x
and O5(z) = x.

Through the first project, we already observed that the size of the elements is an important control-
ling parameter for error estimation, and convergence of the approximate solution to the exact one.
We give below a general definition of the size that generalizes the natural one over segments.

Definition 2 (mesh and mesh size) Let Q) be a domain (open, bounded, connected, Lipschitz set)
in R, A mesh is a collection of a finite number N of compact, connected, Lipschitz sets K,, with

non-empty interior such that {K,}, m=1,..., N, forms a partition of Q, i.e.
Nel

Q= K,,, and Int(Kp,) NInt(K)) =@, VYm#l
m=1

The subsets K, are called mesh cells or mesh elements (or simply elements, not to be confused with
finite elements). A mesh {K,} is usually denoted by T, (T as in triangulation) or by Py (P as in
partition). The parameter h refers to the mesh size of Ty, and is defined as:

h = max hg
KeTy,

where hy is the diameter of element K, i.e.

VK € T, hg =diam K = max ||z — y||q
z,ye K
with || - |4 the Buclidean norm in R%, i.e. ||z|q4 = /27 + ...+ 22.

2.3.2 Examples of finite elements

Although other elements exist, the Lagrange finite elements certainly represent the type of finite
elements most commonly used in commercial codes (e.g. Comsol Multiphysics). We therefore present
several examples of Lagrange finite elements, and only present, at the end of this section, a short
introduction to other types of elements.
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X X X X

Figure 2.3: Support, sample function, degrees of freedom (left figure), and shape functions (3
right-most figures) of a 2D linear finite element.

Definition 3 (Lagrange finite element) Let {K, P,X} be a finite element. If there is a set of
points {&,...,&,} in K such that, for allp € P, o;(p) = p(&), i = 1,...,n, {K, P, X} is called a
Lagrange finite element. The points {&;,...,&,} are called the nodes of the finite element, and the
shape functions 6, which are such that 0;(§;) = 0;5, 1 < 14,5 <n, are called the nodal basis of P.

The 1D linear finite element of Example 6 is a Lagrange finite element. If K = [0, 1], the points
&1 =0 and & =1 are the nodes and 0;(x) = 1 — x and 02(x) = = are the nodal basis functions of
P;. We see below the corresponding example for d = 2, and then generalize these ”simplicial” type
of element to higher dimension.

Example 7 Let d = 2 and K be the unit triangle (we will later call it the unit simplex) with
vertices ag = (0,0), a1 = (1,0), and az = (0,1). Let P =Py, i.e. k =1. The nodes are given by
&1 =a9=1(0,0), & = a1 = (1,0), and &3 = az = (0,1). Moreover, defining the shape functions as:

91(.’E) = 91(%1,%2) =1- r1 — T2
02(58) = 02(1‘1, .172) =T
93(1’) = 03($1, 372) = X2

it is clear that they satisfy o;(0;) = 0;(&) = 0i;. Therefore, {K,IP1,3} defines a Lagrange finite
element.

Definition 4 (Simplicial Lagrange finite element) Let {ao,...,aq} be a family of points in RY
such that the vectors {a; — ag}, i = 1,...,d are independent. Then the convex hull of {a;} is called

a simplex and the points a; are called the vertices of the simplex. The unit simplex of R? is the set
defined as:

{zGRd; x; >0, i=1,...,d; x1+ ...+ 24 <1}

In 2D, a simplex is called a triangle, while in 3D, it is called a tetrahedron. In 1D, every interval of
the line R satisfies the definition of a simplez.

Let K be a simplex in R? with vertices {ag,a1,...,aq}. Let P = Py be the space of polynomial
functions of degree one in K; dim P =n = d+ 1. We define the nodes of the elements as &; = a;—1,
i =1,...,n, and X the set of linear forms such that o;(p) = p(&), i = 1,...,n. Then, it is
straightforward to prove that {K, P, X} is a Lagrange finite element.
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Example 8 Letd =2, K = [-1,1]x[-1,1], and k = 1. The set of nodes are given by &, = (—1, —1),
& = (1,-1), & = (L,1), and & = (—1,1). Note that the nodes coincide with the vertices of the
element. Moreover, the shape functions are given by:

O1(x) = 01(z1,22) = (1 —21)(1 — 22)
O2(x) = Oa(x1,22) = (1 +21)(1 — 22)
O3(z) = O3(x1,22) = (1 + 1) (1 + 22)
Os(x) = O4(z1,22) = (1 — 21)(1 + 22)

and satisfy 0,(0;) = 6;(&;) = d;5. The finite element {K,Q1,X} thus defined is therefore a Lagrange
finite element.

Besides the simplicial finite elements, there is another very important family of Lagrange elements,
which are the tensor product finite elements. To define them, we need to introduce a tensor space of
1D polynomials. Let Q be this space of polynomial functions in the variables x1, ..., x4, of degree
at most k in each variable. For d = 1, polynomials in Q; and Q3 can be written as:

q € Q1 : q(x) = ago + a10r + any + a1y
= (Bo,1 + B1,17)(Bo,2 + B1,2y)

7€ Q: q(x) = ago + 10T + a1y + 0117y + 203 + ey’ + a2’y + arpzy’ + ana’y?
= (Bo1 + Brax + Bo.12%) (Bo2 + Br2y + B2.24°)

The general definition of QQg, in terms of tensor product, can then be given as:

d /&
Qr =4 q(x) = H ( ﬁz‘,jl";') , Bij eR
0

j=1 \i=

from which it is clear that dim Qy = (k + 1)d. Note that in 1D, Q = Px. We can then introduce
the definition of tensor produce Lagrange finite elements.

Definition 5 (Tensor product Lagrange finite element) Let K = TI¢ [a;,b;] € R? where
[a;,b;] are intervals in R. The element K is called a cuboid. For x € K, there exists a unique
vector t = (ty,...,tq) € R? such that x; = a; + t;(b; —a;), i =1,...,d.

Let K be a cuboid in RY. Let P = Q with k > 1. Denote by n the dimension of P, i.e. n = (k-+1)%,
and consider the set of nodes &;, 1 =1,...,n, such that

&= <(11+(b1al)lliwuaadJr(bdad)Z]j)a 0<iy,...,iqa < k.

Finally, let & be the set of linear forms (degrees of freedom) such that o;(p) = p(&),i=1,...,n. It
can be proved that {K, P,¥} is a Lagrange finite element.

Example 9 Let d =2, K = [-1,1] x [-1,1], and k = 2. The set of nodes are given by

&= (-1,-1) &=(0,-1) & =(0,0)
§2=(+1,-1) & =(+1,0)
&= (+1,+1) & =(0,+1)
1= (=1,+1) & =(-1,0)
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Node 2

Master Element

0 1 E

Figure 2.4: Mapping from the reference clement K to the physical element K,,.

Moreover, the shape functions are given by:

01(z) = 0.25(x% — 1) (22 — 22) O5(x) = 0.5(1 — 22)(23 — x2)

5(z) = 0.25(z + 21)(23 — 22)  Os(x) = 0.5(zF + 21)(1 — 23)

O3(x) = 0.25(:01 +x1) (22 +29)  O7(x) = 0.5(1 — 22) (23 + x2)

Os(x) = 0.25(23 — z1) (23 + 22) Os(x) = 0.5(xF — 21)(1 — 23)
Og(x) = (1 —21)(1 - 23)

and satisfy 0;(0;) = 6;(&) = d;5, 1 < 14,5 < 9. The finite element { K, Qq2, X} thus defined is therefore
a Lagrange finite element.

Other types of finite elements have been designed depending on the functions that need to be
approximated. To name a few, there are the Crouzeix-Raviart finite element, the Raviart-Thomas
finite element (to approximate functions in H(div,2)), the Nédélec finite element (to approximate
functions in H(curl, Q2)), or hierarchical finite elements. For more details, we refer the reader to [2].

2.3.3 Reference finite element

In order to approximate functions on a domain €2, the main idea is to associate with each element
of the mesh a finite element. However, rather than to explicitly define all the finite elements in the
mesh as shown above, it is more convenient to introduce a reference (or master) finite element, K
and construct the finite elements K, through bijective mappings T}, : K — K, m=1...,N,
(see Fig. 2.4 in the case of a simplex in R?).

LetKeRdbetheumtsnnplex1e K—{xER 2;>20,i=1,...,d; T1+...+ 34 <1}, and let
{K P, E} be a Lagrange finite element, e.g. P = P;. Affine mappings can then be defined as:

To(2) = AnZ + ap,

where A,, is a d X d-matrix and a,, a vector of dimension d. The mappings T;,, can in fact be defined
in terms of the linear shape functions 6; associated with the d 4+ 1 vertices of K, as well as of the
coordinates of the vertices a]* of K,,. Indeed,

d+1

) =2 ai"0i(2)
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The condition det A,, > 0 would ensure that the mapping T;, be bijective; this condition holds
whenever the vertices of K do not lie on the same line in 2D, nor on the same plane in 3D, and as
long as the vertices are numbered counterclockwise.

Example 10 Let K be the unit simplex in R? and let K,, be the element in physical space with
vertices (or nodes) a7* = (4,5), a5* = (0,6), and a§* = (2,2). Then
T (&) = a'01(2) + a02(2) + af'03(2) = a7 (1 — &1 — &) + aF'dy + a'is
= (@' — )iy + (af — )i +af
_—4A+—2A+4_—4—2 f%1+4_x1
B T O I . ) T IS W % 57| a
The mapping is bijective since det A,, = 124+2 =14 > 0.

Using the reference element, we construct a set of 7j-based finite elements defined as the triplets
{Km, Pmn,Xm}, m=1,..., N, such that

Ky =T (K)

Pu={p=poT;', pe P}

Yo ={0ms, i=1,...,1m; 0 i(p) =6i(poTy), Vp € Py}
and shape functions on each element K, are determined as

O =0;0T', i=1,...,n
Remark 5 Note that p € P, in particular p(z) = 0"(x), is a polynomial function if and only if
Ty, is affine. For example, if Ty, (%) = Am@ + am, then T, (z) = A e — A ay,, so that:
07 (x) = 0:(A e — A taw), i=1,....n

Because the mapping T,,,' is also affine, the shape functions are necessarily polynomial functions.

2.3.4 Finite element space
Since we are usually interested in approximated functions in H*(£2), we introduce the following finite
element spaces Uy, C H*(Q2) and V,, C H1(Q) as:

Uy, = {uh € CO(Qh); uh|[(m € P, VYm=1,...,N., up =uq, on Fd}
Vi = {vn € C°(0); wnlk,, € P, Ym=1,...,Ne, v, =0, on I'q}

We assumed here that the function ug can be exactly represented by functions in Uy on T'y. If this
assumption does not hold, we may use, instead of ug, a projection or interpolant of uy onto Up on
the boundary T'y.

2.4 Galerkin approximation

Using the Galerkin approach, the finite element problem reads:

Find up, € Uy, such that B(up,vp) = F(vp), Yv eV, (2.7)
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or, in the case of the model problem,

Find u; € Uy, such that / kVuy - Vop, + cupvpdr = / fopdx +/ gupds, Yv eV
Q Q r

n

Similarly to the 1D case, the above system of equations can be recast in matrix-vector form KU = F,
in which the stiffness matrix K and loading vector F' are obtained by an element-by-element assembly
approach.

2.4.1 Integration of elemental matrices and load vectors

Let K,, be an element in the mesh 7, and let 8", i = 1,...,n be the shape functions associated
with element K,,. Assume that k& and ¢ are constant. The elemental stiffness matrix reads:

-
K

We consider here the first terms of the integral. Since shape functions are built with respect to the
reference element, using the change of variables x = T,,(Z), do = | det A,, |[dZ (A,, is actually the
Jacobian matrix of the transformation 7,,,) and the chain rule, we get

d d )
07 90 90, i, 90; O, .
/ kz 3o 0$l / kz <Z 5. aﬂ) <S_1 . aﬂ) |det A,,| dit

=1 \s=1

d
kVOT - VO + 0707 da = /K Z 5o B

+ 070" dx, 1<i,j<n

m

From the definition of T;,,, we also have:

0% s
a.’tl

= (A;zl)&l

where the subscripts s, [ indicate the s** row and I** column of matrix A;;!. Note that the partial
derivatives 06;/0%s can simply be computed from the definition of the shape functions on the
reference element. In the same manner, the second integral of K7 is given by:

/ OO dw = / h;0; |det A,,| di
Ko, K

The elemental load vector reads:
Fm™ = / fodx +/ go0'ds, 1<i<mn
K OK,,NI"

For example, the first integral of F;" is computed on the reference element as:

/ fagndxz/A £0; |det A,,| di
Kum K

Calculation of the second integral is left to the reader.

The integrals are never computed exactly. They are in fact approximated using numerical integration
methods such as Gaussian quadratures.
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Abscissas Weights Truncation Error

n Tk W k En(f)
+0.5773502692 1.0000000000 f®(c)
135
3 +0.7745966692 0.5555555556 O (c)
0.0000000000 0.8888888888 15,750
4 +0.8611363116 0.3478548451 f®(c)

+0.3399810436 0.6521451549 3,472,875

Table 2.1: Gauss-Legendre points and weights

2.4.2 Numerical integration by Gaussian quadratures

Suppose that we need to integrate a function f = f(z) in the interval [—1,1]. We know we can
approximate that integral by:

+1

f(x)dx ~ 2f(0) (2.8)

—1

and that, if the function f is linear, this approximation is exact. It turns out that the same kind
of approximation can be generalized to higher-order polynomials, with also a better ratio number
of points where f is evaluated versus order of the polynomials that are exactly integrated. These
formulas are called Gauss-Legendre rules and are such as:

1 n n
/1 f(.Z‘)dJC = an,kf(xn,k') + 5n(f) ~ an,kf(xn,k)
k=1 k=1

where z,,j are the so-called Gauss-Legendre points with associated weights w, ; and &,(f) is the
truncation error defined in terms of the (2n)!"-derivative of f. Note that since the (2n)*"-derivative
of polynomial functions of degree (2n — 1) vanishes, the integration of these polynomials by Gauss-
Legendre n-point rules is exact (i.e. £,(f) = 0). We list below the first few Gauss points in Table 2.1.

Example 11 Let K = [0,1]x[0,1] and suppose that the Jacobian of Ty, is affine (true if the physical
element K., is a parallelogram), i.e. Ay, is constant. Choose 0; and 0; in Qq, e.g. 0;(&) = 0;(Z) =
(1—2&1)(1—22). Then

1 1
/céiéj\detAm|d£:c|detAm|/ / (1 —21)%(1 — 22)? d#1dio
K —-1J-1

1 1
:c|detAm|/ (1—551)%1@1/ (1 — 29)? dio
-1

-1

2 2
= c|det 4,,] ng,k(l — x91)? szk(l — 291)?

k=1 k=1

The integral is estimated exactly since the integrands are polynomials of degree strictly less than four.
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2.4.3 Matrix and vector assembly

As in the 1D case, the global matrix K and global vector F are easily assembled from the elemental
matrices {K]} and elemental vectors {F/"} using the connectivity array C. The matrix K and
vector F' are then modified to take into account for possible Dirichlet boundary conditions.

2.5 Conclusions

In this section, we have generalized the concepts that were discussed in the first section. We have
also introduced formal definitions for the finite element, and discussed more numerical issues with
the questions of integration (reference element and gauss quadrature). The next big step in our
understanding of Finite Element Methods will come with a better understanding of error estimation.
One of the important reasons for the success of finite element methods is in the error estimation
analysis that they allow. We will present those in the next section. Afterwards, we will start
addressing more particular cases, with different types of equations, starting with non-stationary
problems.

2.6 Problems

2.6.1 Exercise 1

Let Q be the domain shown in Fig. 2.5 with boundary 0 = 'y UT, UT's UTy. We consider the
following boundary-value problem: Find w = u(x) such that

0%u 0%u 0%u
_ 4 4+ 2u= in
58562 Oy? 68:1:8y Fu=7, i

u=g, only=T7UT}yY

ou ou (2.9)
— — =2 T
58.% + 3ay , oOonlo
ou ou
— +4—=4 T
3895 + Ay o ons
where f and g are given functions.
y I3
Q
I, I
0 I X

Figure 2.5: Domain 2 and boundary 02 =T';y UT'y UT's UT'4 considered in Problem (2.9).

1. Rewrite the differential equation in the form
—V-aVu+b-Vu+cu=f, inQ

i.e., determine the tensor a, the vector b, and the coefficient c.
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2. Derive the weak formulation of above problem and explicitly write the bilinear form B(u,v)
and linear form F'(v) appearing in the weak form.

Note: you may want to use the following formula: V - (qv) = (Vq) - v + ¢V - v, where ¢ is a
scalar in R and v a vector in R2.

3. We may define an adjoint problem, associated with above problem, which reads:
Find p € H'(Q), p =0 on Ty, such that B(v,p) = Q(v), Vv & HY(Q), v=0o0nTy

where B(,-) is the bilinear form determined in Question 2 and Q(-) is the linear functional
defined as:

Q(v)—/rzvds

Derive the strong form of the dual problem. Note that Q(v) is related to the average value of
v along the boundary T's.

4. Repeat Questions 2 and 3 in the case where b is now defined as the vector b = [1,1]7.

2.6.2 Exercise 2

Suppose that the domain § of Problem (2.9) is the rectangle [0,4] x [0,2] and that it is partitioned
into eight elements as shown in Fig. 2.6. Suppose now that we want to compute the finite element
solution to Problem (2.9) using elements with uniform polynomial degree p = 2. Compute the
entries K14 and Ky of the element stiffness matrix for the element K shown in Fig. 2.6. Assume
that the reference element (master element) is the square [—1,1] x [—1,1].

.3
n Ele[:ent
4 3 K

Master 1

= 1 2

Element

1 2 E 0
0 1 2 3 4 x

Figure 2.6: Finite element discretization of domain 2 considered in Problem (2.9).
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PROJECT 2

The objective of this project is to simulate the temperature field in a one-bedroom apartment whose
blueprint is shown below (all dimensions are in meters). It is composed of one living-room and
one bedroom with a window in each room, a fireplace and entrance door in the living room. Let
6 = O(z,y) denote the temperature field and let Q be the computational domain with boundary
0N =TUl'y U, Uy, asshown below.

Problem 1. We shall first assume that 6 is governed by the steady-state heat equation:
-V -kVO =0, VxeQ

where k is the thermal conductivity of air. In this model, there is no other heat source than heat
from the fireplace whose temperature is known to be at 8. We shall first suppose that the walls and
door are adiabatic (perfectly insulated) and that the windows are closed but that heat is exchanged
with the outside air at temperature 6,. The temperature in the apartment is thus subjected to the
following boundary conditions:

0= Gf, on Ff
n-(kV0)=0, onT
- (kV0) = —hy(0 — 0,), on Ty, UTs,

where hy is the convection coefficient of the window. Take, for the experiments below, k = 0.025
W/(mK), hy, =20 W/(m?K), §; = 120°C, and 6, = 10°C.

1 1 2
e — T & P,
J = : = =
s Window l—é,w
I~
3 8 Bedroom r
=1
8 0.25
| 1
—
[ }
[ |- -
1 11
! = .
1 Window 3 1B
L w5 ’ Q
] Living-room Door .
[~
2 =3
=~
y = Fireplace _ 1? _
B 2 IR 3 i
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1. Write the weak formulation of above problem.

2. Develop an application in Comsol Multiphysics to compute a Finite Element approximation
of above problem and design a mesh that should provide a reliable solution everywhere in the
computational domain.

3. Suppose that you are interested in the temperature at the center of the bedroom. Design an
“optimal” mesh that provides an accurate value of the temperature at that point and show
the convergence of that temperature for a sequence of refined meshes.

4. Suppose now that the exterior walls and door of the apartment are not perfectly insulated. In
other words, the heat flux along the door and walls is now given as:

n- (V) = —hy(0 — 6,)

where h,, is the convection coefficient of the walls and door (take for instance h, = 3
W/(m?K)). Predict the temperature at the center of the bedroom.

Problem 2. Suppose now that both windows are open and that air is blowing in through I'y ,, with
velocity ug = (u1,4, u2,q), while air is free to leave the apartment through the second window. As an
approximation, the velocity and pressure fields are governed by the time-independent incompressible
Stokes equations:

—vAu+ Vp =0, in
V-u=0, in Q

U= Uq, on I'y 4 (inflow BC)
u=0, onT (no slip BC)
w-n=0 and t-(—pl +v(Vu+ Vul))n =0, on Iy (slip BC)
pn—n-vVu=0, on I'y 4, (outflow BC)

where v is the kinematic viscosity of air (¥ = 16 x 1075 m2s~1!). ¢ is the tangential vector to the
boundary, and I the unit tensor. Consider ug = (u1,q4,u2,4) = (1,0) and ug = (u1,q,u2,4) = (0.8,0.6)
where the velocities are expressed in ms™'.

The temperature is now governed by the equation and boundary conditions:

-V -kVO+ pCu-VO =0, Vel
0=0f only
n-(kV0) =0, onT
0=0, onli,Uly,

where p = 1.2 kg/m?® and C' = 1000 J/(kgK) are the density and the heat capacity of the air.
Develop an application in Comsol Multiphysics to solve this coupled problem and design a mesh
that provides a reliable approximation of the temperature at the center of the bedroom.

Problem 3. Create a 3D Finite Element model of the apartment and simulate the temperature for
the conditions of Problem 2. Assume that the floor and ceiling are perfectly insulated.
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Chapter3

Error Estimation in FEM

3.1 Introduction

The purpose of this chapter is to give a brief introduction to a priori and a posteriori error estimation
for the finite element method. However, it is important to show beforehand that boundary-value
problems and corresponding finite element problems derived by the Galerkin method are well-posed,
in the sense that the problems admit a unique solution and that the solution continuously depends
on the data (stability). There exist several existence theorems for linear boundary-value problems,
in particular, the Lax-Milgram and Generalized Lax-Milgram theorems that we shall present below.
Once the problems are shown to be well-posed, it is then possible to introduce without ambiguity
the notion of error, defined as the difference between the solution u of the exact problem and the
finite element solution u;, of the approximate problem, i.e. € = u —up. An important consideration
in finite element methods is to make sure that the solution uj actually converges to the solution u
as the mesh is refined, or equivalently, that measures of the error e tend to zero as the mesh size
h goes to zero. This is the primary objective in the derivation of a priori error estimates with, as
byproduct, the determination of rates of convergence with respect to h. Unfortunately, a priori error
estimates are useless to quantify the error in a given solution uy as they involve constants as well as
norms of the unknown solution u. The derivation of computable error estimates in a finite element
solution wuy, is the subject of a posteriori error estimation and at the basis of mesh adaptation.

3.2 Existence and uniqueness of solutions of BVP

Let Q be an open bounded Lipschitz domain in R?, d = 1, 2, or 3, with boundary 02, composed of
two parts, I'y and T',,, such that 0Q2 = I';UTI',,. We consider the weak formulation of the abstract
boundary-value problem:

Find u € U such that B(u,v) = F(v), Yv eV (3.1)

where U denotes the space of admissible solutions, V' the space of test functions, B(-,-) is a bilinear
form defined on U x V', and F(-) a linear form defined on V.

There exist several existence theorems for boundary-value problems; the most important ones are
certainly the Lax-Milgram and generalized Lax-Milgram theorems that we state below without proof.
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3.2.1 Lax-Milgram Theorem

This theorem was first established by Peter Lax (1926-), Professor Emeritus at the Courant Institute
of Mathematical Sciences, New York University, and Arthur Norton Milgram (1912-1961).

Theorem 1 (Lax-Milgram) Let V' be a Hilbert space with inner product (-,-)y and associated
norm || - ||v = (-,-)v and let U = V. Moreover, the following conditions hold:

1) 3 M > 0 such that Yu,v € V, |B(u,v)| < M||ul|v||v]|v (Continuity of B(,-)).

2) 3 C >0 such that Vv € V, |[F(v)| < Cljv|ly (Continuity of F(-,-)).

3) 3 a > 0 such that Vu € V, B(u,u) > a||ul|}, (Coercivity of B(,-)).

Then, Problem (3.1) is well-posed (in Hadamard’s sense), i.e. there exists a solution, the solution
is unique and it continuously depends on the data according to the following estimate:

C
lullv < =
Example 12 We consider the following problem: Find u such that

—V - (kVu)+cu=f, inQcR?
u=0, only (3.2)
n-(kVu)=g, onT,

where n is the unit outward normal vector to the boundary, f = f(z), c = c(x), k = k(z), z € Q, and
g =g(z), x € T, are given scalar functions (the data). We assume that f € L*(Q), g € L*(T,,),
and, for simplicity, that k,c € CO(Q) and that there exist kpin, kmaz € R and Cpin, Cmaz € R such
that:

0 < kmin < k() < Ekmaz, Vr € Q
0 < Cmin < () < Cmaz, Vo € Q)

Let V' be given such as:
V={ve H(Q); yv =0 on Ty}

where v is the trace operator, which maps a function defined on ) into a function on T'y. Introducing
the bilinear form and linear form as:

B(u,v) = / EVu - Vv + cuvdx
Q

Fv) = /vadx + /Fn guds

the above classical boundary-value problem can be recast in weak form as in (3.1) with U =V.

We now show that the conditions of the Laz-Milgram Theorem hold for the above problem. The
norm in V is chosen as the H* norm (we could also consider the H' seminorm as we know that it
is equivalent in V to the H' norm due to the Poincaré inequality, i.e. Yv € V, |[v]lo < Cplv|1):

lolly = \/ / IVof2 + uf2de
Q
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First, since k and ¢ are bounded above, we have, using Cauchy-Schwarz,
1B(u, )] < k,,/ \vu-vu|dx+cm/ fuvlde < M/ Vu - Vol + Juvlde < Mull o]
Q Q Q

where we have introduced the continuity constant M = max(kmaz, Cmaz)-

Nezxt, we observe that foru € V:

B(ua U) 2 kmin/

(Vu)?dz + cmm/
Q

udr > a/ (Vu)? +u?de = ol|ul)?
Q Q

which shows that B(-,-) is coercive with coercivity constant o = min (Kupin, Crmin) -

Finally, F is continuous since:

0,l'n

Fv)| < / \foldz + / lgvlds < [ fllollvllo + lgllo.r, 1o

I'n

< NI fllollvllx + Cullgllo,r, [Iv]l1 < Cllv]ly

with continuity constant C = (|| f|lo + Cnllg|
that the solution is bounded by C/a.

or,). We conclude that the problem is well-posed and

Example 13 Let V' be the finite-dimensional space R™ with norm the standard Fuclidean norm
lul| = VuF+...+u2 = VuTu. In this case, the bilinear form can be represented in terms of a
matriz A in R™*"™ such that:

B(u,u) = u” Au
Let X be an eigenvalue of A with associated eigenvector u, so that Au = Au. It follows that
uTAu  uT
uTu — wlTu

If B is coercive, then the eigenvalues are all strictly positive, i.e. A is positive definite, that is,
det A > 0, which means the matriz is invertible. Moreover, the coercivity constant is simply the
smallest eigenvalue of A.

More general theorems for well-posedness of boundary-value problems are available. In particular,
we have the so-called generalized Lax-Milgram theorem which weakens the coercivity condition.

3.2.2 Generalized Lax-Milgram Theorem
The generalized Lax-Milgram theorem extends the existence and uniqueness result of the Lax-
Milgram theorem to the case of non-Hilbert spaces. This theorem has been widely popularized by

Babuska (1926-), Professor at the Institute for Computational Engineering and Sciences at The
University of Texas at Austin, in the case of the finite element method.

Theorem 2 (Generalized Lax-Milgram) Let U be a Banach space and V be a reflexive Banach
space with norms || - || and || - ||v, respectively. The following conditions hold:

1) B is continuous on U X V.
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2) F is continuous on V.

3) Inf-sup condition: I > 0 such that

B
inf sup |BGw o)l >« (3.3)
uel pev [lullulvllv
4) B satisfies the property:
Yo eV, (Blu,v) =0, YuelU) =v=0 (3.4)

Problem (3.1) is well-posed and the solution continuously depends on the data, i.e. |ul|ly < C/a.

Remark 6 Note that the coercivity of B implies that B satisfies (3.3) and (3.4). The contrary is
not necessarily true. Moreover, the inf-sup condition (3.3) is often restated as:

B
Ja >0, Vuel, supM
vev  [lvllv

and referred to as the LBB condition (after Ladyzenskaya, Babuska, and Brezzi).

Example 14 Let U = R™ and V = R™. Then given a matric A € R"*™  the inf-sup condition
reads (since the infimum and supremum are attained in finite dimensional spaces):

. vl Au
G =mmnmax ——————
wel veV |ullyv|lv

However, we know that the mazimum is attained for v = Au. Therefore:

. ulAT Ay ) | Aul|? . | Au||lv . JuTAT Ay
o =min ———— = min ————~— = min =min{\/ ———
wel ||lul|lu||Aullv — weU ||lul|lu]|Aully  weU ||u||lu = ul

u

As before, we can conclude that the inf-sup constant is given by:
a =1/ Amin(ATA)

where Amin (AT A) is the smallest eigenvalue of AT A, i.e. a is the smallest singular value of A.

3.3 Finite element problem and approximation error

Let Uy, C U and V), C V be two conforming finite element subspaces such that dim Uy = dim V},.
A finite element approximation of Problem 3.1 can be given as follows:

Find up, € Uy, such that B(up,vy) = F(vp), Yo, €V}, (3.5)

The main issue is to analyze the error e = u — wuy, which, in the case of conforming spaces, belongs
to U, and to study the convergence of uj to u as the mesh size h goes to zero, with p fixed, or, as
the polynomial degree p is increased, keeping h fixed, or by varying both h and p.
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3.3.1 Error equation and Galerkin orthogonality
Substracting B(up, v) from both sides of (3.1) and recalling that B(,-) is bilinear, the approximation
error e = u — uy, satisfies:

B(u,v) — B(up,v) = B(u — up,v) = B(e,v) = F(v) — B(up,v) = R(v), YveV

where R(v) is the residual. The residual is a linear functional defined on V' and represents the
sources of error due to the finite element discretization. The problem for the error can simply be
written as:

Find e € U such that B(e,v) = R(v), YoeV (3.6)

Moreover,
B(e,vh) = R('Uh) = F(’Uh) — B(uh,vh) = F(Uh) — F(Uh) =0, Yop € Vi,

This is the so-called “Galerking orthogonality property” which plays a fundamental role in error
estimation.

3.3.2 Error estimate for the coercive case

We first assume that U =V, U, = V}, such that V;, C V', and that B and F satisfy the conditions of
the Lax-Milgram Theorem. It immediately follows that the finite element problem (3.5) is well-posed
since Vj, C V.

Using the coercivity B, introducing an arbitrary function wj, € V4, using the orthogonality property,
and finally the continuity of B, we get:

allell < Ble,e) = Ble,u —un)
= B(e,u — wp, + wp, — up) = Ble,u — wy,)

< Mlle|lv[lu = wallv

so it immediately follows that:

M
lellv < —llu —wnllv

and since wy, is arbitrary, we can write:

M
< inf fu-—
lellv < 2 inf = wllv

Remark 7 This estimate can be further sharpened if the bilinear form B(-,-) is also symmetric,
i.e. B(u,v) = B(v,u), Yu, v € V. Indeed, being both symmetric and positive definite, it defines an
inner product with associated norm || - || (the so-called energy norm):

lvlle = v/ B(v,v), YveV

From the definition of the energy norm and upon using Cauchy-Schwarz, note that B is continuous
with continuity constant M. = 1 and coercive with coercivity constant a. = 1, i.e.

B(u,v) < |ulle]|vlle, Yu, Yo eV
B(u,u) = |[u||?, Yu eV
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Since e € V, we then have, for an arbitrary wy, € Vy:
H6H§ = B(e,e) = B(u — wp + wp, — up, u — wp + wp, — up)

(
(
(
(

B(u — wp,u — wy) + B(wp, — up, wp, — up) + 2B(u — wp, wp, — up)
=B
B

u— wp,u —wy) + Blwp, — up, wp — up) — 2B(wp, — up, wp, — up,)
U — wp, u — wyp) — Blwp, — up, wp, — up)
= llu — w2 — llwn — unll?

K&

—wpl|?

where we have used the fact that B(up,vn) = F(vy) = B(u,vp), Yop, € Vi. It follows that an error
estimate with respect to the energy norm is given as:

lelle < infJlu—wnll.
wp€Vh

The energy norm is equivalent to the V-norm since:
alolly < B(v,v) = |v]Z < M|lvly, YoeV
Combining above inequalities yields:

el < —= inf | lle <y/— inf | |
— — 1 — — 1 —
\/a Clle = \/a wp€Vh v Whlle = o wpeV v Wrllv

lellv <

Example 15 For the problem of Example 12, we observe that the bilinear form is symmetric. In-
deed,

B(u,v):/kVu-Vv—i—cuvdx:/kVU~Vu+cvudx:B(v,u), Yu,v eV
Q Q

and since the form satisfies the coercivity condition, we know that B defines an inner product with

associated norm:
lulle = \// kE(Vu)? + cu?dx
Q

The error in a Galerkin approximation up, of u can be estimated in the energy norm as:

< inf —
llefle < w}lbrévh |u — whle

or, in the H' norm as:

min(kmim Cmin) wpEVh

ax(k
nﬂ1s¢mx(wa“”iM|m—wml

We conclude that, whenever possible, it is usually better to use the energy norm rather than other
norms.
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3.3.3 Error estimate for the non-coercive case

Since U, € U and V}, C V, we know that the bilinear form B and linear form F' are continuous
on Up, x V3, and on Vj,, respectively. To ensure that the finite element problem (3.5) has a unique
solution, the conditions (3.3) and (3.4) need to be satisfied with respect to the finite element spaces,
ie.:

B
Jap, > 0, inf  sup |Bun,vn)l > ayp (3.7)
un€Un vy eV, [|unllu|vnllv
Yy, € Vh, (B(uh,vh) =0, Yuy, € Uh) = v, =0 (3.8)

However, if dim U; = dim V},, these two conditions are equivalent and the main condition that
needs to hold for existence and uniqueness of finite element solutions is the so-called discrete inf-sup
condition (3.7). Note that ay, is in general different from a.

Theorem 3 (Céa’s Lemma) Let the discrete inf-sup condition hold with Uy, C U, V;, C V, and
dim Up = dim V},. Let u and uy, be the solutions of the boundary-value problem (8.1) and of the
finite element problem (3.5), respectively. Then the error e = u—uy, satisfies the following estimate:

M .
lellu < (1+) inf - wn v
Qap ) wp€UR

Proof. Let v, € V3. The triangle inequality yields
lello < [lu = wallv + lun — wnllu
From the orthogonality condition, we have:
B(up — wp,vp) = B(u — wp,vp) — B(u — up,vp) = Blu — wp, vp,), Yo, € Vi
Then, using the discrete inf-sup condition and continuity of B, we obtain:

| B(un —wp,vn)| _ sup |B(u — wp, vp)|

apllup, —wpljv £ sup < Ml|u — wyl|v

unEVi v llv oneVi |vnllv

which completes the proof.

3.4 A priori error estimation and rate of convergence

The objective of a priori error estimation for the finite element method is to provide an estimate of
the term:

e
of lu — wn||v

A particular choice for wy, is given by the interpolant of u in Vj, i.e. wy, = Zpu, we would be able to
have: where we define the interpolation operator as:

N
Ty: U— Uy, suchthat Tyu=Y oi(u)g;
i=1
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where N is the number of degrees of freedom, i.e. N = dim U}, o; are the degrees of freedom, and
¢; are the basis functions in Up. Note that other choices for wy could be considered, such as the
projection of w on Uy. However, the advantage of using the interpolation operator is the fact that
estimates of the interpolation error have been derived with respect to finite element spaces.

For instance, in the case of Lagrange finite elements (those used in Comsol Multiphysics), the
interpolation error can be estimated as, given a function u € H™1(Q), » > 0, when using elements
of order p > r,

u—Zhullo < Crh™Hulp g
lw—Zyully < Crh"lulr 41

or simply:

[w — ZPullo < Cram™™ @y, 4

lu = Zhully < Crh™ @0 [u], 4y

where C7 > 0 is a constant independent of h. The exponent of h will define the rate of convergence
of the method.

Example 16 Returning to the problem of Example 12, if the data f and g are such that we know
that the solution u belongs to H2(Y), and if we use linear finite elements, i.e. p =1, we thus obtain
the following interpolation estimate:

lu—Zypully < Crhluls

so that an a priori estimate of the finite element error is:

|- . k
el < \/Iml’c"ml)nu_zéu”l < \/HMX(WWC’C"W)C’IMuQ

min(kminv Cmin) min(kmiru Cmin)

The rate of convergence is k = 1. If we know that the solution u belongs to H*(S)), and use quadratic
finite elements, i.e. p =2, we would obtain the estimate:

ax(k
el < \/mX(WMC’CWCIh2|U|3

min(kmina cmin)

with rate of convergence k = 2.

In practice, the exact solution u, the interpolation constant C, and the continuity and coercivity
constants are usually unknown; a priori error estimates cannot be employed to quantify the error,
but they are nevertheless useful to compute rates of convergence, which measure how fast (or how
slow) the finite element solution u; converges to the exact solution u of a given problem. Suppose,
for example, that we would like to know the rate of convergence k of a given method. We can pose:

lelly < Ceh®
with C, an unknown positive constant. Then
log |lelly < logC. + klogh

492 MTHS8207 - Prudhomme



3.5. A BRIEF INTRODUCTION TO A POSTERIORI ERROR ESTIMATION

Convergence studies are frequently used to verify the correct implementation of finite element codes,
an activity usually referred to as Code Verification. In this case, a problem with known exact solution
u is considered such that the error u — u can be exactly computed. However, because the constant
C, is unknown, we need to introduce a sequence of meshes 7, so that the rate of convergence can
be estimated as:

k ~ log”ehiHU_10g||ehi+1HU
est A
oS IOg hi/hH»l

The study can be performed on uniform meshes such that h;/h;11 = 2. For example, in 1D, with
Q = (0,1), we would consider meshes with 2, 4, 8, ...elements so that hy = 1/2, ho =1/4, h = 1/8,
... The rate of convergence k£ would then be obtained as the limit of k; o5x as ¢ goes to infinity, i.e.:

B = lim k; est
11— 00

For better comparison between methods, it is usually more convenient to represent the relation
log |len|| versus log N (rather than log h), where N is the number of degrees of freedom. In 1D, with
Q = (0,1), the relationship between h and N is given by h = p/N, so that:

log |le]|y < log Ce + klog(p/N) = (log Cc + klog p) — klog N

and

L - IOg”ehi U _10g||eh1:+1HU
7,est IOg Ni+1/Ni

Finally, when the exact solution of the problem is unknown, we need to estimate the error in order
to derive the rate of convergence. This can be accomplished by computing en, ~ un,,, — up;,. The
rate of convergence is then calculated as:

i1

k. ~ IOg ||uhi+1 — Up, HU - log ||uhz:+2 - uhi+1 HU
7,est log Nz‘+1/Ni

An alternative approach is to solve for a reference solution @ = wu, if possible, on a very fine mesh
and to compute:

k. - IOgHa_uhiHU_logHﬂ_uhz‘JrlHU
1,est log Ni+1/Ni

3.5 A brief introduction to a posteriori error estimation

At this point, we understand that we cannot use a priori error estimates to evaluate the error in
a given solution uy, of the finite element problem. This is indeed the subject of a posteriori error
estimation, where “a posteriori” stands here for the fact that such approaches require the knowledge
of uy,.

There are essentially two types of a posteriori error estimates: those defined with respect to norms,
usually the energy norm (e.g. recovery-type estimators, explicit and implicit residual estimators),
and those defined with respect to quantities of interest, referred to as goal-oriented error estimators
(which of course involve the use of the adjoint problem). Interest in the development of a posteriori
error estimators dates back to the mid-seventies with the work of Ladevéze (ENS Cachan) and
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that of Babuska (ICES, UT Austin) and Rheinboldt. Since that time, several methods have been
proposed and it would be too long to describe all of them, even a few, in this sequel.

We propose here to briefly present the explicit residual method to show how it is possible to obtain
computable estimates and to explain how these can be used as refinement indicators for mesh
adaptation. We describe the approach on the problem of Example 12. From Remark 7, using the
equation for the error, as well as the orthogonality property, we have:

allel? < llell? = B(e,e) = R(e)
Now, for all v € V, we can compute:

R(v) = F(v) — B(up,v)

/fvdx—i—/ gvds—/kVuh-Vv—i—cuhvdac
Q r Q

n

Z {/ fvdx—i—/ gvds—/ kVuh-Vv—i—cuhvd:U}
K KNT,, K

KeTy,
= Z {/ (f+V~k‘Vuh—cuh)vdx+/ gvds—/ n~(kVuh)vds}
KeT, “/K KNly oK

where we have decomposed the global integral into a sum of elemental integrals and integrated by
parts these integrals. We introduce the interior residuals rx over each element K and flux jumps j,
over each in element interface v such as:

rg = f+V-kVuy — cup
g—n-(kVuy) ony=0KNT,
Jy=19 (n-(kVuy)) on~y=0KNOoL
0 ony=0KNTy

where (n - (kVup)) denotes the averaged flux at the interface of two elements, i.e.:
1
(n- (kVup)) = 5 (ng - (kVup)k +nr - (kVup)r), VK,LeT,, K#L
We then have
R(v) = Z / rgvdr + Z /jwvds
KeT, |7 yCoK

Using the orthogonality property, Cauchy-Schwarz inequality, and making use of the relation ab +

cd < Va2 + c2Vb? + d?, we deduce that:

|R)| =R =w)l < > |lrxlloxllo = vnllos + D lislloallv —valloy | Von € Vi
KeT, ~YCOK
< Y llirgloxllv = onllox + ldylooxlo = valloox], — Von € Vi
KeTy,

Using special interpolation functions of v in V},, we can show, skipping many steps in the demon-
stration, that:

R)| < Cellolly, | Y2 [Wllracl3 s + hucllin 3 o
KeT,
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with C, a positive constant independent of h. Substituting v for e, we then get:

allell? < B(e) < Celelly, | 3 [Mcllrcll s + el I3, o]
KeTy,

that is:

C .
lelly < = |7 [cliracl e + acllis 1 x|
KeT,

We see that the quantity 7, such as:

"= \/ S7 |l s + el 13 o

KeTy,

defines an upper bound on the error ||e||;, up to the constant C./a and as such constitutes an
explicit error estimator (error indicator). Moreover, the global quantity n can be decomposed into
the elemental contributions:

nic = /W3l s + s 2 o
These local quantities can serve as refinement indicators in an adaptive strategy, following, for
example, the rule:

: K
if ———
maxg NK

> (a4, then refine element K

i.e. the elements with the largest contributions 7x are selected for refinement. Here, C,q is a
user-prescribed tolerance usually set to 0.5.

3.6 Problems

3.6.1 Exercise 1

Let u be the solution of
—-V-Vu+u=f, inQcR?
u=uq, only

n-Vu=g, onl),

where n is the unit outward normal vector to the boundary, f = f(z), z € Q, g = g(z), x € Ty,
ug = ug(x), x € T'y, are given scalar functions (the data). Assuming that f € L*(Q), g € L*(T',),
and ug € L?*(T'y), show that the problem is well-posed and derive an a priori error estimate for
piecewise linear finite element approximations obtained using the standard Galerkin method.

3.6.2 Exercise 2

Let Q = (0,1), f € L*(Q), and 3 € R. Consider the following problem: Find u € H{(£2) such that

/u'v’daz—i—/ﬁu’vdw—i—/uvdx:/fvdw, Vv € H} (D) (3.9)
Q Q Q )
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1. Show that the problem is well-posed.
2. Derive the corresponding PDE and boundary conditions.

3. The problem is discretized using Lagrange finite elements of degree 2 and uniform size h, and
such that the finite element space is H¢ conformal. Show that the discrete problem, defined
using the standard Galerkin method, is well-posed.

4. Knowing that the following interpolation estimate holds for [ = 1,2 and all v € H'*1((Q)
lv = Znvllo. + hlo = Tyl < ch'™*Holig

derive a priori error estimates for the finite element approximation uj; of u in the L?(Q2) and
H'(Q) norms and in the H'(£2) “seminorm”. Be as explicit as you can about the constants.

3.6.3 Exercise 3

Let u be the solution of the steady-state convective-diffusion problem:
—Au+p-Vu=f, inQcR?
u =0, on 0f)
where d = 2 or 3 and the velocity field (3 is given such that V-8 =01in Q and #-n = 0 on 0.

1. Derive the weak formulation of the problem.

2. Show that the problem is well-posed (specify requirements on 5 and f, if necessary, for well-
posedness).

3. Let up € Uy be the solution of the corresponiiing finite element problem, obtained by the
Galerkin method, where e.g. U, = {up € C°(Q); up o Tk € Py, VK € Tp,; up = 0 on 90Q}.
Derive an a posteriori error estimator based on the explicit residual method.

3.6.4 Exercise 4

The objective here is to study the convergence of uniform h-adaptive refinement for the following
problem:
0%u 0%u 0%u
-—5—— —4———6 2u = , in Q
o2 Yoy " Cgpgy TS (3.10)

u=g, ondf

where f and g are given functions.

The function is approximated with Lagrange finite elements with P = Qg, i.e. the degree of the
polynomial functions is given by p = 2. We start with a mesh (shown in Fig. 3.1) of 4 x 2 elements.
At each refinement iteration, the mesh is refined by divided the elements into four elements. The
relative error E,.:

I

& =
" [Jullx

is computed exactly (the exact solution u is supposed to be known) with respect to the H! norm.
In this experiment, the number of elements V., number of degrees of freedom N, and relative error
E,. are reported in Table 3.1.
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\ 03
n Eler.rl'lent
4 3 K
Master 1 ® ®
& 1 2
Element
1 2 ié 0
0 1 2 3 4 X

Figure 3.1: Finite element mesh of domain 2.

Ne | N| & |
4x2 45 | 0.24E4-00
8§ x4 153 | 3.27E-02
16 x 8 561 | 1.62E-02

32 x16 | 2113 | 4.17E-03
64 x 32 | 8385 | 1.05E-03

Table 3.1: Convergence analysis of the finite element method.

1. Compute the rate of convergence of the method with respect to mesh size h.
2. Is the rate of convergence confirmed by the following error estimate:
lu—unlls < CH™ D fu],

where C' is a constant independent of i and ||lu||,+1 denotes the H" ™! norm of u. What can
you say about the regularity of the solution u? Do you think the exact solution u is a very
smooth function?
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The objective of this project is to investigate numerical errors in finite element approximations of
boundary-value problems. In particular, rates of convergence are evaluated for simple problems in
1D and 2D.

Problem 1 (Boundary layer problem). We first consider the convection dominated diffusion
problem:

—(ev) +au' =0, Vze=/(0,1)
u=1, atx=0

u=0, atx=1

where o represents the velocity field and e the kinematic viscosity of the fluid. The first term of the
differential equation is the diffusion term while the second is the convection term. We shall choose
«a =1 and vary ¢ only as the important parameter is in fact the ratio between the two terms.

1. Derive the weak formulation of the problem and show that the problem is well-posed.

2. Calculate the exact solution.

3. Estimate the rates of convergence with respect to the H' and L? norms for h-uniform meshes
and h-adaptive meshes. Repeat the calculations for different values of the polynomial degrees,
e.g. p=1, 2, 3, and different values of the viscosity, e.g. ¢ =1, 0.1, and 0.01.

4. Provide convergence plots (i.e. log(error) versus N, where N is the number of degrees of

freedom) and comment your results.

Problem 2 (Problem with singular solution). We now consider the following problem:

" +u=f VreQ=(0,1)
u=a, atx=0

v4u=>b atzx=1

where f is a scalar-valued function defined on €2, and a, b € R. We suppose that the data f, a, and
b are defined such that the exact solution of this problem is given by:

u(z) = 2%/°

1. Compute f, a, and b.

2. Derive the weak formulation of the problem, show that the problem is well-posed, and compute
the regularity of the solution (degree of smoothness).

3. Estimate the rate of convergence with respect to the L? and H! norms for different values of
h and p.

4. Provide convergence plots (i.e. log(error) versus N, where N is the number of degrees of
freedom) and comment your results.

Problem 3 (A 2D elliptic problem). We consider in this example the boundary-value problem
as presented in Problem 1 of Project 3. The problem consisted in finding the temperature in the
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“apartment” such that:

-V -kVO=0, VzeQ
0= 6‘f, on Ff
0 =0, onl,
0=0., onI'l,Uly,
n-(kV0) = —hg(0 —6,), onTq,
n- (kV0) = —hy(0 —0,), onT

The data is given as before, namely k = 0.025 W/(mK), h, = 20 W/(m?K), hy,, = 2 W/(m?K),
0y =120°C, 6, = 10°C, and 6, = 30°C.
1. Show that the problem is well-posed.

2. Estimate the rate of convergence with respect to the L? and H' norms using h-uniform trian-
gular and quadrangular meshes for different values of p.

3. Derive the adjoint problem associated with the quantity of interest

Q) = |w1|-/0(x,T) dx

where w is the unit square located at the center of the bedroom.

4. Estimate the rates of convergence with respect to the quantity of interest and the rates of
convergence of the adjoint solution in the H! norm. Comments?
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Chapter4

Finite Element Method for Time-Dependent
Problems

4.1 Introduction

The objectives of these lecture notes is to provide a brief introduction to finite element approxi-
mations of time-dependent problems. We first show how to derive weak formulations for a model
problem given in strong form and derive space and time discretization of the weak formulation. Fi-
nally, we introduce the notion of adjoint problems for the prediction of specific quantities of interest
and provide a few examples.

4.2 Model problem: strong and weak formulation

4.2.1 Strong formulation

Let Q be an open bounded Lipschitz domain in R¢, d = 1, 2, or 3, with boundary 99Q. For the sake
of simplicity, we will consider homogeneous Dirichlet boundary conditions in the exposition below.
Let Q1 = (0,T) be an interval in R. We are interested in solving for the scalar function u = u(z,t),
xz € Q, t € Qp, that satisfies the time-dependent convection-diffusion-reaction equation:

Ou+a-Vu—vAu+cu=f, inQxQr (4.1)
subjected to the boundary condition and initial condition:

u(z,t) =0, Ve € 09, Vt € Qp

(4.2)
u(z,0) = uy, Yz € (,

where f = f(z,t), V(z,t) € Q x Qr, is a scalar function, and v and ¢ are strictly positive constants.
In addition, the velocity field o = (a, ..., aq) = a(x,t) is assumed to be known and solenoidal, i.e.
V - a =0 almost everywhere in Q2 x Qp.

4.2.2 Weak formulations

As usual, a weak formulation can be obtained by multiplying the equation by an arbitrary “smooth”
test function v = v(x), v = 0 on 91, and integrating over the domain €2

/ [Oru(t) + o - Vu(t) — vAu(t) + cu(t)]vdx = / fvdez, vt € Qp (4.3)
Q Q
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Note that we write u = u(¢) in above equation to emphasize the dependence on time. Integrating
by parts and making use of the divergence theorem (or Green-Ostrogradski), we arrive at:

/ Ou(t)v + o - Vu(t) v + vVu(t) - Vo + cu(t)v de = / fvde, vt € Qp (4.4)
Q Q

At this stage, it is important to ask ourselves to which spaces the functions u, v, a and f should
belong in order for the above integrals to be well-defined. We introduce some notation in the section
below and recall preliminary results about function spaces.

Notation and function spaces

Let g = g(x,t) be a function of space and time and V a space of functions defined on . Assume
g € L*(0,T;V), meaning that the V-norm of the function g: (0,7) — V, such that at a given time
t, g(t) = g(-,t), is square integrable with respect to time (the symbol = is used here to mean “by
definition”). The norm of the function g is therefore given by:

T
lgllzz0.m5v) = /0 lg@®) |3 dt < oo

where ||g(t)||v is the V-norm of g at ¢.

Dual space and duality pairing. The dual space of a space V is denoted by V’. Symbolically,
the product of a function w € V' with a function v € V is denoted by the duality pairing:

(w,v)vry = / wv dzx, weV, veV
Q

and can be read as: “the product of a non-smooth function with a sufficiently smooth function
is well-defined”. For example, the dual space of L?(Q) is simply L?(Q) and the duality pairing
corresponds in that case to the L? inner product. Now, if V = H}(2), then the dual space V'
is defined as H~1(Q). Since functions in H{(f2) are smoother than those in L?(f2), we can infer
that the functions in H~1({2) are less smooth than those in L?(£2). We indeed have the following
embedding:

H™Y(Q) c L*(Q) C H}(Q)

Example 17 As an example, it is well-known that the Heaviside (or step) function H(x) is in
L%*(—1,1) but that the Dirac function §(z), x € (—1,1) is not. The Dirac function actually lives
in H-*(=1,1) and can be defined as the “distributional derivative” of H(x). Indeed, since H €
L?*(=1,1) and v € H}(—1,1), then the inner product of H and v’ is well-defined, so that:

/_11 Hv' dz + /_11 H'vdz = /_11(Hv)’dx — H(1)o(1) — H(=1)o(=1) = 0

meaning that the integral

1
/ H'vdx
1
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is well-defined as well (although H' cannot be defined analytically). By definition, the Dirac delta is
the distributional derivative H' of H and we can write:

(0,0) 1,13 = /_1 d(z)v(z) dz = v(0) = /_1 H'(z)v(z) dz

Finally, if g € L*(0,T;V’) and v € V, then (g,v)y v is well-defined “almost everywhere” in (0,7)
(a.e. except for a few points in the interval).

Formulations

We suppose here that f € L2(0,7; H-(Q)), that a € L°(0,T; H(div) N (L>°(2))%), and that
up € L?(Q). Let us introduce the bilinear form a(-,-) defined on H}(Q) x H () as:

a(u,v) = / vVu-Vo+a-Vuv + cuvde
Q
Therefore, (4.4) can be rewritten in the form:
/ deu(t)vdr + a(u(t),v) = (f,v)g-1 g, v € H(Q), a.e. in Qp
Q

From now on, and for the sake of clarity in the notation, we will simply write (-,-) instead of
(-,)m—1,m3- We observe that the integral is well-defined if and only if dyu € L2(0,T; H71(2)). In
that case only, we are allowed to write:

(Opu(t),v) + alu(t),v) = (f,v), Yve& H}(Q), ae. in Qp

Let us define the space U of admissible solutions as:

U={u:(0,T)— H}Q); uec L*(0,T; H}(Q)); dwu € L*(0,T; H*(Q))}

Formulation 1: A weak formulation of Problem (4.1)-(4.2) may read:

Find u € U such that «(0) = ug and

(Opu(t),v) + a(u(t),v) = (f,v), Vv € HL), ae. in Qp (4.5)

Formulation 2: The above formulation can be written in an alternative form by considering test
functions in the space V:

V={v:(0,T) — H}(Q); ve L*0,T; Hy(Q))}

Therefore, it is equivalent to write the weak formulation as:

Find v € U such that «(0) = ug and

T T 4.6
/ (Opu(t),v) + alu(t),v)dt = / (fyvydt, YveV (46)
0 0
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Formulation 3: The initial condition can be weakly imposed so that a third formulation of the
problem reads:

Find v € U such that

T T 4.7
/0 (Dpu(t), v) + a(u(t), v) dt + /Q w(0)0(0) d = /0 (o) dt+ /Q w0 dr, wev | 7

Remark 8 Thanks to a theorem by J.-L. Lions, above problems are known to be well-posed in the
sense that there exists a unique solution, which is continuously dependent on the data.

Remark 9 Ifit is clear that the integrals are understood in terms of duality pairings, Equation (4.7)
can also be written as:

T T
/ / Oruv dxdt + / / vVu-Vou+a-Vuv + cuv dedt + / u(0)v(0) dz
0Ja 0Ja Q

:/OT/qudxdtJr/Quov(O)dx

(4.8)

4.3 Time and space discretization

A fully finite element approximation of time-dependent problems is rarely considered as it would
become cumbersome to deal with finite elements in four dimensions. The following approach is often
(generally) considered instead: (i) first, approximate the solution to (4.5) in space only by the finite
element method so as to obtain a system of coupled ordinary differential equations, where time is
then the only independent variable, (ii) construct an approximation in time by making use of the
vast collection of methods for the solution to ordinary differential equations. This approach is often
referred to as the method of lines. Discretization in time is usually obtained using finite difference
methods.

Attention: In this section, we assume that o = 0, i.e.
a(u,v) = / vVu - Vo + cuv dx
Q

Indeed, discretization of the convective term « - Vu by classical Galerkin methods yields unstable
schemes. The reason is that information is propagated in the domain in the direction of the convective
velocity. In order to stabilize the discretization schemes, it is necessary to either add artificial
viscosity (not too much, not too little), or use special test functions (Petrov-Galerkin methods, such
as SUPG), or least-squares methods, etc. This topic is out of the scope of these lecture notes and
will not be treated here.

4.3.1 Space discretization

Let 7, be a mesh of Q (it is assumed here that the domain Q = Uger, K exactly coincides with
Q) and let V}, be a finite element subspace of H}(Q2), i.e. V;, C H}(Q). Moreover, for the sake of
simplicity, we suppose that f € C°(0,7;L?(Q)) (f is continuous in time and at each time, f(t) is

54 MTH8207 - Prudhomme



4.3. TIME AND SPACE DISCRETIZATION

in L?(Q)). In this case, the duality pairing can simply be written in terms of the L2-inner product

(.,.):
<f,U>:(f,U):/QfU dx

Problem (4.5) can be approximated in space as follows:

Find uy, € C'(0,T;V},) such that u(0) = up, o and

4.9
(8tuh,vh) + a(uh,vh) = (f, ’Uh), Yo, € Vi, Vt € [O,T] ( )

where up, ¢ is an approximation of ug in Vj, which may either be obtained by projection or interpo-
lation.

Let ¢;, i = 1,...,m, denote the basis functions of V},. The function uy, is to be understood as:
m
up(z,t) = Zuz(t)¢z(x)
i=1

where the coefficients u;(t) are scalar functions of time only. However, the test functions vy, € V},
are independent of time and can be expressed as:

m
vp(z) = Zﬂi@(x)
i=1
where the coeflicients v; are simply real numbers. Note that the first derivative of uy is given by:

Oyup () = Zdtui@)@(x) - Zai<t)¢i<x>

The systems of ordinary differential equations (4.9) can be recast in matrix form. Let U(t) =
[ur (), ug(t), . .., um (t)]” denote the vector of unknowns at time ¢, U the first derivative of U, F the
loading vector, M the mass matrix, and K the stiffness matrix associated with the bilinear form
a(+,-). The objective is then to find U = U(t) such that

MU+ KU=F, vtel[o,T], U(0)="U

where Uy is the vector of degrees of freedom associated with uj 0. This system of equations is
sometimes referred to as the semi-discrete equations. The solution wuy (or equivalently U) can be
shown to converge to the exact solution of the problem as h goes to zero. Finite difference techniques
can be used to approximate the semi-discrete equations. They are based on Taylor expansions.

4.3.2 Review of Taylor expansions

Let At denote the timestep such that At = T/N and let t"* = nAt, n = 0,..., N. Then, useful
expansions of a function g = g(t) are:

At2 . A
g(t™ + At) = g(t™) + g(t") At + g(t")T +9 (tn)T +...
o AN AN
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where g(t"), §(t"), and g (t") denote the first, second, and third derivative of g at t", respectively. If
we denote g"t! = g(t" + At), g" = g(t"), and g"~! = g(t" — At), these expansions can be rewritten:

At2 . A

g =g" + g(t") At + )=+ GE) =+
A2 AL
gt =g" — g(t") At HIE) - = I =+
The first derivative at ¢" can be approximated by:
n+1 n YT (e n+1 n
: g"tt =g Gt") g{") A2 9" —g
t") = — At — At = At 4.1
g = - N L romn @)
n n—1 (4T 0 (+1 n n—1
. 9" -9 g(") g{") A2 9" -y
t") = At — At = At 4.11
g ==+ & N g — oy @
or, using a combination of the two expansions:
n+1 n—1 o (m n+1 n—1
: 9" —g g(t") A2 9" —yg 2
t") = — At +.. . =F0— At 4.12
9(") 2AL 12 * oar - HO@n) (4.12)

4.3.3 Examples of time discretization schemes
Using these approximations of the first derivative, common finite difference schemes are:

1. Forward Euler scheme: From (4.10), we have:

MU = MU™ — AtKU™ + AtF", n=0,...,N —1, U =0,

2. Backward Euler scheme: From (4.11), we can write:

(M 4+ AtK)U™™ = MU™ + AtF™™, n=0,...,N -1, U =10,

3. Crank-Nicolson scheme: Finally, the last expression for the derivative gives the scheme:

(M + gK)U"+1 = (M — HK)U” + %

5 5 (F"™' 4+ F™), n=0,...,N—-1, U’=1U,

The forward Euler scheme is conditionally stable in the sense that At needs to be restricted to ensure
stability of the scheme. The backward Euler and Crank-Nicolson schemes are unconditionally stable;
in principle, the schemes are stables for any value of At. The forward and backward Euler schemes
are first-order accurate since the approximation of the first derivative is O(At). The Crank-Nicolson
scheme is second-order accurate.

4.4 Adjoint problems

In general, the solution itself of a given problem is not what we are looking after; what is of interest
are output functionals of the solution, or simply, quantities of interest. Examples of quantities of
interest are, for instance, solutions at a specified point in the domain, local averages of the solution
in given subdomains, fluxes through parts of the boundary, or any other observable quantities that
could be, in principle, measured in actual experiments.
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The quantity of interest, thereafter, will be denoted by Q(u) where u is the solution of an initial
boundary-value problem. Although such a quantity could be a nonlinear functional of u (such as
the kinetic energy in the whole domain if u is a velocity field), we shall only consider bounded
linear functionals Q € L(U,R), i.e. Q: U — R and there exists a constant C' > 0 such that
Qu)] < Cllully.

Examples of quantities of interest: Let w € Q and let k, be a kernel function defined on 2
defined as k,(z) = 1, if z € w, and k,(x) = 0, otherwise. Then, if u is a scalar-valued function:

Qu) =u

(z9) = A §( dz
Qu) = ﬁ /w udx = /Qk(:c)u(x)dx/ /Q k(x)dx (= averaged solution in w)

x — zo)u(x) (= solution at point z¢)

If w is a vector-valued function (velocity for example), one might be interested in the solution in
direction 3, where ( is a given unit vector:

Qu) =u(xg)- B = /05(3: — xo)u(x) - Bdx

Derivation of the adjoint problem: Suppose that a boundary-value problem (or initial boun-
dary-value problem) is given in the abstract weak form:

Find u € U such that B(u,v) = F(v), YveV (4.13)

where B(-,-) is a bilinear form defined on U x V' and F'(+) a linear form on V. We also suppose that
the goal of the prediction, as mentioned earlier, is to estimate the quantity Q(u) rather than wu itself.
The question is whether it is possible to bypass the calculation of u in order to evaluate Q(u). The
answer is yes (only for linear problems and linear quantities of interest) by introducing the function
p € V (additional mathematical arguments are omitted for the sake of simplicity) such that:

Q(u) = F(p) (4.14)

Substituting p for v in (4.13), we thus obtain:

Q(u) = B(u,p) (4.15)

It now suffices to introduce the following problem, the so-called adjoint or dual problem,

Find p € V such that B(v,p) = Q(v), YveU (4.16)

in order to solve for p € V. Note that if p satisfies above problem, then replacing v by u in (4.16)
and using (4.13) immediately yields:

Q(u) = B(u,p) = F(p)

The function p is sometimes referred to as the influence function (it indicates how the loading
influences the quantity of interest) or generalized Green’s function.
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Green’s Function: Let u be the solution of the Poisson problem —Awu = f in Q, u = 0 on 0f.
Let U =V = H}(2). The problem can be recast in weak form as: Find u € V such that

B(u,v) = Vu~Vvdx:/fvdx=F(v), YveV
Q Q

Suppose now that the quantity of interest is the solution u at a given point zg in €2, i.e.

Q(u) = u(zo) = /Q(S(;v —xo)u(z) dx

Then the adjoint problem is given by:

Find G € V such that: B(v,G) = / Vv -VGdx = / 0z —zo)v(z)de = Qv), YweV
Q Q

where we have used for the adjoint solution the notation G (as in Green). Integrating by part the
first integral (symbolically), we have:

/ v(—AG — d(x — xp))dz =0
Q

which provides us with the adjoint problem in strong form:

—AG(z) =0(x —xp) inQ
G=0 ondf2

and we know that the solution at xy can simply be computed as:
) = Qu) = F(G) = [ f(a)G(a)da

where G is the Green’s function associated with point zy, sometimes denoted as G(x,xo). The
adjoint problem generalized the concept of the Green’s function to any problem and any quantity
of interest.

Example 18 Let Q C R%. We supposed that u = u(x,t) is governed by the parabolic equation:

p({;—?fl/Au:f, Ve e, te(0,T)

and is subjected to the following boundary and initial conditions:
u=ug, onTlyx(0,T)
n-vVu=g, onl,x(0,T)
u=1ug, att=20
where p, v € R, and [, uq, g, and ug are given data. Moreover, 02 =TqUT,,.

We introduce the lift @ such that & = ug on Tq x (0,T), n-(kVa) =0 on T, x (0,T), and & =0 at
t = 0. We also introduce the spaces:

W ={we H (Q); w=0, onTy}
V ={ve L*0,T;W); ow e L*0,T; W)}
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We pose u =t + w. A weak formulation of above problem can be written as:

Find w € V such that B(w,v) = F(v) — B(a,v), YveV

T dw T
B(w,v)://p—vdacdtJr//qu~Vvdxdt+/pw(x,())v(:c,())dm
0Jao Ot 0Ja Q
T T
://fvdxdt+// gvdsdt—&—/puw(x,O)dx
0Jo 0Jr, Q

Suppose now that we are interested in a quantity of interest Q(u) of the form:

// u(x,t) dedt

The adjoint problem is then given by B(v,p) = Q(v) with

(v,p) // P pdwdt—i—//z/VU Vpdacdt—i—/pv(m 0)p(z,0) dz

In order to derive the strong form of the adjoint problem, we first integrate by parts some of the
integrals of the bilinear form as follows:

(v,p) // —Upg, dxdt+/ﬂpv(x,T)p(x,T) dxf/ﬂpv(:E,O)p(m,())dx

T
//vuApdxdt—// vn - (vVp) dxdt+/pv(x,0)p(x,0)da:
0Jo 0Jr, Q

Simplifying, we get:

B(v,p) / / { —z/Ap}dxdt+ / / . (VVp)] dzdt + / ooz, T)pla, T) da

Equating B(v,p) = Q(v), we derive the strong form of the adjoint problem as:

where

— —vAp=k,, VYreQ, te(0,T)

p=0, onl4x(0,T)
n-vVp=0, onT, x(0,T)
p=0, att=T
Note that the adjoint problem for a time-dependent problem needs to be solved backward in time.

Introducing the change of variable T = T — t, the adjoint problem can be recast as the forward
problem:

g——VAp_kw, Yz e, 7€ (0,T)

p=0, onlyx(0,T)
n-vVp=0, onT, x(0,T)
p=0, atT=0

This problem has exactly the same structure as the primal problem with different loading data.
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Example 19 We consider the same problem as before but suppose here that we are interested in the
local solution at the final time T, i.e.

Q(u):/ﬂkw(x)u(x,T)dx

then it is straightforward to derive the adjoint problem as:

p%fVAp:O, VeeQ, 7€ (0,T)

p=0, onT4x(0,T)
n-vVp=0, onT, x(0,T)
p=ky, atT=0

Example 20 We now consider the field uw = u(x,t) governed by the convection-diffusion equation:

ou

pa—l—pchu—uAu:f, VreQ, te(0,T)

and subjected to the same boundary and initial conditions as in Example 18. For simplicity, we
suppose that the velocity field « is independent of time and satisfies V-a =0 and a-n =0 on T,.
The only difference with Ezample 18 is due to the convective term. We have, since p, v € V (i.e. p,
v=0onTy):

/pa-vadm:/V-(ppva)dx—/vv-(ppa)dx
Q Q Q

:/ ppva~ndx—/vppV~ad—/vpa-Vpdx:—/pva-Vpdx
T, Q Q Q

due to the properties satisfied by . If we are interested in the quantity Q(u) of Example 18, the
strong form of the adjoint problem then reads:

fp%prprfz/Ap:kw, Ve, te(0,T)

p=0, onDl4x(0,T)
n-vVp=0, onT, x(0,T)
p=0, att=T

Using the change of variable T = T — t, the adjoint problem can be recast as a problem forward in
time:

0
pa—p—pa~Vp—uAp:kw, Ve eQ, 7€ (0,7)
-
with same boundary conditions as before but with the final condition replaced by the initial condition

p =0, at 7 = 0. We note that the structure of this problem is similar to the primal problem with
negative velocity —a for the convective term.

The adjoint problems can then be approximated following the same approaches as for the primal
problems.
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4.5 Problems

4.5.1 Exercise 1

Let u = u(z,t) be governed by the convection-diffusion equation:

u
P ot

and subjected to the boundary and initial conditions:

+pa-Vu—vAu=f, VreQ, te(0,T)

u=0, onTyx(0,7T)
n-vVu+rku=g, onl, x(0,7T)

u=1ug, att=20

Assume that the velocity field « is independent of time and satisfies V-a=0and a-n=0on [',,.
Derive the strong form of the adjoint problem associated with the quantity of interest:

1
Qu) = m /Fn u(x, T)dx

4.5.2 Exercise 2

Consider the Stokes problem: Find (u,p) such that

—vAu+Vp=f, inQcR?
V-u=0, in{
u=0, on JN

Suppose that the goal of the simulation is to estimate the averaged velocity in direction 3 in a
subdomain w € €2, where [ is a unit vector. The quantity of interest reads:

Q(u)zﬁ/a-udm

Derive the strong form of the corresponding adjoint problem.

4.5.3 Exercise 3

Let u be the solution of the steady-state convective-diffusion problem:

—vAu+a-Vu=f inQcR?
uw=0, on JdN

where d = 2 or 3 and the velocity field « is given such that V-a =0 in Q and «-n = 0 on 9f.
Suppose that one is interested in the averaged flux on a portion v of the domain boundary 92. This
quantity of interest can be expressed as:

1
Q(u)—M[Yn-Vuds

Derive the strong form of the adjoint problem.
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The objective of this project is to investigate time-dependent simulations and adjoint problems. The
model application is the same as in Project 2 except for the following features: two “heaters” of
dimension 1.5 m x 0.2 m are installed in the apartment (which is now in Paris and no longer in
Austin, Texas), one in the bedroom along the right wall, and one in the living room along the top
wall. The heaters are placed 5 cm away from the walls and are perfectly centered with respect to
these walls (see figures below).

Let 6 = 6(x,y,t), t > 0, denote the temperature field and let © be the computational domain with
boundary 02 =T'UT'y ULy, ULy, ULy » U2 ., where I'y . and I's . represent the boundaries of
the “radiators”.

Problem 1. We first look for the steady-state solution assuming that the air velocity is zero in the
apartment; the temperature 6 is therefore governed by the steady-state heat equation:

~V-kVO=0, YreQ

We assume that the window in the living room is wide open and that the walls, door, and the
window in the bedroom are not perfectly insulated. We also suppose that the radiators are kept
at constant temperature 6,.. The temperature in the apartment is thus subjected to the following
boundary conditions:

0=0f only

0=0, only,

0=0,, only,UTly,

n-(kV0) = —hy(0 —0,), onTq,

n-(kV0) = —hy,(0 —0,), onT
For the following simulations, the parameters are chosen as k = 0.025 W/(mK), h, = 20 W/(m?K),
he = 2 W/(m?K), 8; = 120°C, 6, = 10°C, and 6, = 30°C.

Give a prediction of the temperature at the center of the bedroom using first triangular elements,
then quads. You may also use different polynomial degrees. Do you obtain the same temperature
in all cases?

Problem 2. We now solve for the time-dependent heat equation (assuming again zero velocity):

0
pC%—V-kVG:O, Ve, t>0

with initial condition 6#(0) = 5. Boundary conditions are as prescribed in Problem 1. Setting
p=12kg/m3 C =1000 J/(KgK), and 6y = 10°C,

1. evaluate the “time” T it takes to reach the steady-state solution,

2. solve for the adjoint solution corresponding to the averaged temperature in the unit square
located at the center of the bedroom, defined first as an average over the whole time interval
(0,T), and then defined at time T only, i.e.

Q1(6) = ;/OT Li|/w9(ac,t)dx] dt, Q:(60) = ﬁ/we(x,T) do

where w is the unit square.
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Problem 3. Suppose now that the window of the living room is open and that air is continuously
blowing along I'y ,, with velocity uq = (u1,q4,u2,4). The velocity and pressure fields are estimated by
the time-independent incompressible Stokes equations (Navier-Stokes with p = 0):

—vAu+ Vp =0, in
V-u=0, in

U = Ugq, on I'y 4, (inflow BC)
u =0, on'UIy ULy, (no slip BC)
n-u=0 and t-(—pl +v(Vu+ Vul))n =0, on 'y Ul (slip BC)

where v is the kinematic viscosity of air (v = 16 x 107 m2s™1), ¢ the tangential vector to the

boundary, and I the unit tensor. Consider the case ug = (0,0.2) and the case ug = (0, —0.2) where

the velocities are expressed in ms™!.

Meanwhile, the temperature is governed by the partial differential equation:
00
pC E—&-u-VG —V-kVO=0, Ve, t>0

with initial condition 6y = 10°C. Boundary conditions are as prescribed in Problem 1. Note that
n-u=0onTIy, and that w =0 on I

1. Evaluate the “time” T it takes to reach the steady-state solution and provide the temperature
at the center of the bedroom for the two cases of “inflow” velocity.

2. Write the adjoint problem corresponding to the quantities of interest Q1(6) and Q2(6) defined
above and solve for the adjoint solution.

3. Use information from the adjoint solution and temperature field to design an “optimal” finite
element mesh for estimating the temperature at the center of the bedroom.
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Problem 4. Do you believe that these results are realistic? How could you improve the mathemat-
ical model to obtain more realistic results?
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